Fourth Order
RK-Method

The most commonly used method is
Runge-Kutta fourth order method.

The fourth order RK-method is

1
Yit1 = Yi T é(kl + 2ky + 2k3 + ky),



hf(xi+ h,yi + ks3).




Example 1

Find the approximate solution of the initial value
problem

dx T
— =1 — 1 <t<3
dt +t’ -

with the initial condition
r(l) =1,

using the Runge-Kutta second order and fourth
order with step size of h = 1.
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Solution

RK 2nd order method. The formula is
h
Yir1 = Yi + 5 (k1 + k2) ,
where ki1 = f(ill’z, ti), ko = f(ZIZ'Z + h, t; + hkl)

Here, h =1 and ¢ty = g = 1. Therefore,

ki = f(to,z0) =1+ — =2,

ko = f(t() + h,xy + hkl) = f(2,3) =14 - =2..



Thus,

1
y1 =1+ (2+25) =3.25,

Similary, we calculate 5.
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RK 4th order method. The formula is

1
Yit1 = Yi T é(lﬁ + 2ko + 2ks + ky),

where

ki = hf(ti,z)

h k

ko = hf<ti+§,$i+§l>,
h ko

— tz a0 M PR
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hf(tz + h, T; + ]{3)
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h
ks = hf (to + 5, To + 2 = 2.444444.
k4 — hf(t() + h, To + ]{3) 2.722222.



1
= 1+ (2422333333

+ 2% 2.444444 + 2.722222)
3.379630.

e~
—_
|

Similarly, we calculate 5.
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System of First Order
ODE’s

We consider the n system of first order equations

din

d — fl(xaylay%'” 7yn)7 yl(-flj()) — Y10,
h

dyo

e (@, y1, 92, -+, Yn)s Y2(20) = Yoo,
8

dYn

A — fn(maylay%' e 7yn)7 yn(ilf()) — UYn0-

With the help of single step methods, we find the
approximate solution for the system of n
equations.



We now consider the two first order equations of

the form
d
% = filz,y1,92), yi(xo) = Yo,
d
% — f2(xaylay2)7 y2($0) = Y20.

We use RK second order and fourth order
method to solve the system of equations.
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step s

where

2nd Order RK Method

1ze h IS

Y1.n+1

Y2.n+1

1
= Yi.n T 5(81 + k1),
1

Yo.n T 5(82 + ko),

— hfl (.fljn, Yin, y?n)a
— th(:En) Yin, y?n)a

The formula for second order RK method with
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S1 = hfl(xn Bl h7 Yin T ]{717 Yon
S92 = hfz(il?n T h, Yin T kl; Yon

- k),
).

Similarly, the formula for fourth order
IS

1
Yiptl = Yo+ é(kl + 251 + 20

1
Yo.n + 6(/‘62 + 259 + 2ly

Y2.n+1

RK-method

_I_p1)7

—I_pQ)a
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ki = hfi(zn, Yin, Yon),
ke = hfa(xn, Yin, Yon),

h kq ko
S1 — hf1($n+§ay1n+§7y2n+§)o

h kq ko
S92 = hfZ(ZCn §7y1n 27y2n 2)
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h S1 S9

ll — hf1($n+§py1n+§ay2n+§)a
h S1 S9
Z2 — hf2(xn+§ay1n+§ay2n+§)a
P1 = hfl (xn Bl h; Yin T lla Yon T 12)7
P2 = hf2(SUn + hy yin + Ui, Yo + lz)-
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Use RK-method 2nd order and 4th order to find
the approximate solution of (0.1) and z(0.1) as a
solution of pair of equations

d
i
dz

- = — X
dx J

with the initial conditions
y(0) =1, 2(0)=—1.
Take step size h = 0.1.



The general form of a linear m-step multistep
method is

Yn+1 — A1Yn — A2Yn—-1 — = ** — AmYn+1-m
hi

— b()f(il?n+1y yn—H) T blf(xn’ yn)

S bmf(xn+1_m, yn+1—m)°

When b, = 0, the method is called explicit,
otherwise, it is said to be implicit.

In multistep method, we require multiple starting
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Adams-Bashforth
Methods

We assume a uniform discretization in the
r-domain, I1.e., we define

x; = a-+1h,

where h = 2%, for some positive integer N.

Let the given differential equation is of the form

y'(z) = f(z,y).

We now integrate the given differential equation
fromx =z, t0 x = x;41.
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This yields the equation
y(in) —y(a) = [ f(a,y(a)) dr.

Next, we write

flz,y(x)) = Pp1(x) + Rya (),



where

Pn_1(x) = g:llzm1,j(x)f(xi+1jay(x’i+1j))7

Is the Lagrange form of the polynomial of degree
at most m — 1 that interpolates f at the m points

Ly Li—1yLj—2y° "y Li+1—m-
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And
(m)
Rm—l(m) — f (é"'y(f)) m

- ---j=1(55 — Tit1-j)

IS the corresponding remainder term.
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Two-Step Adams
Bashforth Method

Since m = 2, we write

flay@) = )
- )

(S 2y(ﬁ)) (2 — 2)(x — z11)

Integrating the Lagrange polynomials yields
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Tiv1 X — Xj—1 I 3h

)
L X; — Lij—1 2

S
|
T

dx

L Li—1 — Ly 2

/$i+1 X — Ly h
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Therefore, the two-step Adams-Bashforth
method is

h
Yn+1 — Yn + 5 [Sf(l'n, yn) o f(xn—lv yn—l)] y

Proceeding in a similar manner, the three step
Adams-bashforth method is

h
Yn+1 = UYn + E[ng(mna yn) — 16][(3771—17 yn—l)

+ 5][(3371—27 yn—2)]~
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The four-step Adams-Bashforth method is

h
Yn+1 — Yn + 2—4[55]0(33717 yn) — 59f(37n—17 yn—l)

T 37][('7371—27 yn—2) T 9f(37n—37 yn—B]-
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Example 5

Use two-step Adams-Bashforth method to find
the approximate solution of

dx €

A II

dt t’
z(l) = 1,

near z(1.5). Take step size h = 0.5.
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Solution

The two-step Adams-Bashforth formula is

h
Ln+1 = In + 5 [Sf(tna xn) — f(tn—la xn—l)] .
We note that for finding x5, we require z; and x.

We calculate x; with the help of second order
Taylor's method

x1 = 2.125.
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Adams-Moulton
Methods

The derivation of Adams-Moulton methods
follows exactly the same procedure as the
derivation of the Adams-Bashforth method with
one exception.

In addition to interpolating f at
T, Ti—1,Ti—2,**,Tit1—m, WE also interpolate at
Lij+1-
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Hence, we write

f(2,y(x)) = Bn(x) + Rn(2),

where

Py(z) = f’: L (@) (i1, y(@isi-s),
and

R (2) f(m“)(«f,y(ﬁ))nﬁo(x 1)
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Since P,,(x) contains a term involving
f(xii1,y(xis1)), the resulting method will be
implicit.

Furthermore, by using an additional point in the
interpolating polynomial the degree of the
remainder term is increased by one over the
Adams-Bashforth case.
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2-Step Adams-Moulton Method

Since m = 2, we write

(x — x;)(x — z;1)

flz,y(x)) = (Tir1 — 70 (Tip1 — xi_l)f(:z:iﬂ, Yii1)
| (ZE — 5137;+1)(£E — 3773—1) .
(@ — i) (2 — a:z-_l)f( i Yi)
| (55 — CI?@'+1)(£E — sz) N |
| (5132'—1 — xi—l—l)(ﬂji_l _ mz)f( 1—15 yz—l)
I f’”(f,y(f))

6 (2 — zip1) (@ — 25) (2 — 2i-1).
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Integrating the Lagrange polynomials yields

A _ /xz'+1 (ZB — xz)(x — ZEz_l) I — %
! v (Tir1 — i) (Tip1 — Ti—1) 12°
Li+1 - 7) - 71— 2h
b1 = /.+ & £E+1)Ex i) dt = —,

S
N
|
—
8
+
N
=
T. N
— | 8
|
A%
_I_
p—
N—" | "

Ordinary Differential Equations (ODE) — p.80/8:



Therefore, the two-step Adams-Moulton method
IS

Yie1 — Yi O
—f

h 12
2 fn ) = 5 f i)
3 Liy Yi 19 Li—1,Yi—1)-

(37@'+17 yi—H)

To find the approximate solution, we required y,
and Y1 .-

The initial condition give yo and y; can be
obtained using any third order one-step method.
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Similarly, we derive the three-step
Adams-Moulton method is given by

Yi+r1 = Yi 22 9f (i1, Yir1)
+19f (i, yi) — 5f (wi-1, yi-1)
+f(wi—2, Yi—2)]-
The required starting values for the three step

method should be obtained using a fourth-order
one-step method.
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Predictor-Corrector
Method

The most popular of the predictor-corrector
scheme is the Adams fourth-order
predictor-corrector method.

This uses the four-step, fourth-order
Adams-Bashforth method

yn—i—l — UYUn - _[55][(33717 yn) T 59][(3371—17 yn—l)
- 37][(3771—27 yn—2) T 9f(37n—37 yn—B)]a

as a predictor



followed by the three-step, fourth-order
Adams-Moulton method

h
%(3421 = Yp T _[ f(a:n-l—h yr(z(lzl) T 19f(37n7 yn)

_ 5f(gjn_1,yn_1) f(xn—Qayn—Q)L

as a corrector.
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Note that the computation of ", we require the
values (3707 y0)7 (xla y1)7 (x27 y2)7 (56'3, yB)

These values should be given with the given
equation or should be computed using single
step methods like, Euler's method, Taylor's
method or Runge-Kutta methods.

To compute the value \", we require the values

(21, 51), (22, y2), (23, y3) and (z4, yi).
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Modifier

Let y(x,,.1) denotes the true solution of y at x,,,.

Then
251 .
y(iﬁnﬂ) — yé% | 720h5f( )(51), Tp—3 < & < Tpii,
19 v
y(ﬂfnﬂ) — ?/q(zl+)1 720h5f( )(fz), Tp—o < & < Tpy1.

On subtracting, we get

0 1 270 .
0= ?J7(w21 — ?J7(w21 | 720h5f( (€).
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This implies that

y7(”m21 — y7(”m21 — %th( )(f)-

We rewrite as

h5 Xy 1 1 0
ﬁof( )(f) — ﬁ(yv(wzl — %(1421)



Finally, we find the modifier as

19 1 0
y(xn—l—l) — ?szlll — ——(?Jfgll — ?Jq(zll) = Dpi1.

Here, D, Is called as modifier.
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Find y(1.4) by Adams Moulton 4th order
predictor-corrector pair with modifier as a

solution of
d
y(1) =2, y(1.1) = 1.6, y(1.2) = 0.34 and

y(1.3) = 0.594 with spacing h = 0.1.
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