The Linear Shooting Method - (8.4)

Consider the boundary value problems (BVPs) for the second order differential equation of the form
(*)  y'=fxyy), asx<bh y@) =aandylb) = .
Under what conditions a boundary value problem has a solution or has a unique solution.

1. Existence and Uniqueness:
Suppose that f is continuous on the set
D={(xyy)asxs<h —w<y<w —wo<y <o}
and the partial derivatives fy and f,, are also continuous on D. If
(i) fy(x.y,y") >0, forall (x,y, y) inD, and
(i) there exists a constant M such that
|f, (%,y,y")| < Mforall (x,y,y") in D,

then the boundary value problem (*) has a unique solution.

Example Consider the following boundary value problem:
y' +eXY +sin(y) =0, 1<x<2, y1)=y(2) =0
Determine if the boundary value problem has a unique solution.
Rewrite y" = —e ™Y —sin(y’) so f(x,y,y') = —e™*¥ —sin(y’)
Check conditions:
f(x,y,y") = —e*Y —sin(y"), fy(x,y,y’) = xe™Y, and f y,(x,y,y’) = —cos(y') are continuous on
D={(Xyy) 1<x<2 -ow<y<owm —wo<y <o}

(i) fy(x,y,y') =xe™>¥ > 0onD.
(ii) | fyty.y)| =|-cos(y)| <1=M.
So, the boundary value problem has a unique solution in D.

Example Consider the linear boundary value problem:
y' =pXy +a0)y+r(x), a<x<b, y@) =a, yb) =5

Under what condition(s) a linear BVP has a unique solution?
fo,y,y') =px)y' +ax)y +r(x), fy(x,y,y") = ax), fy(x,y,y") = p(x) are continuous on D if
p(x), g(x) and r(x) are continuous fora < x < b.
a. fy(xy,y)=qx) >0 fora<x<h.
b. Since f, is continuous on [a, b ], f, is bounded.

So, if p(x), q(x) and r(x) are continuous for a < x < b, and gq(x) > 0 for a < x < b, then the boundary
value problem has a unique solution.

2. The Linear Shooting Method:
Consider the linear boundary value problems of the form:

y" =pX)y +q(x)y+r(x), a<x<b, y@) =a, yb)=p
where p(x), g(x) and r(x) are continuous and q(x) > O fora < x < b. Consider the solutions of the
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following two initial-value problems:

ey @) Y =pY )y +r(x), a<x<b, y@ =a, y'@) =0
(i) y" =px)y +ax)y, a<x<b, y@@) =0, y'(@a =1

say, y1(X) and y2(x). Lety(x) be the following linear combination of y;(x) and y»(x) :
_ B-yi(b)
y(x) = yi(x) + V2(0) y2(x)

Then y(x) is the solution of the boundary value problem. Check:

y'(x) = yi(x) + %g()b)yé’m = p)y1(X) + a(x)y1(x) + r(x) + %g()b)(p(xw’z(m +q(x)y2(x))

(v s Bon®) Byi(0)
= p00((¥i00 + £ 2 y00 )+ a0 (ya00 + L0 y00 ) 400

So, y(x) is a solution of y" = p(x)y’ +q(x)y + r(x). Check the boundary conditions:
ﬂ _yl(b) ﬁ_yl(b) (O) - a
y2(b) y2(b)
_ B —yi(b) _
Y(b) = ya(b) + F = yo(0) = P

This suggests that a boundary value problem can be solved by solving two (independent) initial-value
problems in (**).

Review: Solve a second-order initial-value problem:
y” = f(X,y,y/), y(a) = ao, y/(a) = a1.

Letu; =yi, and uz = y;. Then above second-order differential equation for y becomes the following
system of two first-order differential equation in u; and uz:

y@) =yi(@) + y2(@) = o +

u) = U
/1 , a<x<h, ui(@a) = aog, Uz2(a) = as.
Uy = fi(X,ug,u2)

Example Rewrite the differential equation y” — 2y’ + 4y = te? as a system of 2 1st-order differential
equations.

Set
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"= 2y -4y +te? = —4u; + 2u, + te?t

The system is:
uj = Uy us 0 1 Uz 0
= = +
Uy = —4uy + 2u; + te? ub -4 2 Uz te2t

Example Rewrite the initial-value problem for the system of 2 second-order differential equations



, ¥1(0) = 1, y2(0) = -1, y1(0) = 2, y5(0) = 3

Yi+Yi—2y,+2y1 -y =t
Y2 —3y1 + Y1 +4y2 = 2sin(t)

as an initial-value problem for a system of 4 first-order differential equations.

Set
Ui = Y1
Uz =Vy; =U; | = U] =uU
= Uy =Yy] =-2y1 +Y2 — Y1 +2y,+t=—2U3 + U3 — Uy + 2U4 + 1t
Uz = Y2

Us =Y, =Uz | = | U5 = Uy

= Uy =Y, = —y1 — 4y, + 3y + 2sin(t) = —u; — 4us + 3u, + 2sin(t)

The system of 4 1st-order linear differential equations is:

up = U
”:2 S AU Uz R 2T 1 10(0) = 2, Us(0) = —1, Ug(0) = 3:
Uz = Usg
Uy = —Ug —4u3z + 3uy + 2sin(t)
or in matrix-vector notation:
]l o1t o0l uw ]l o ][ wo | [ 1]
LI’Z _ -2 -1 1 2 Us N t u2(0) _
uj 0 0 0 1 Us 0 ’ us(0) -1
uj -1 3 40 Ug 2sin(t) us(0) 3

Example Solve the boundary value problem:
__A4 2 2 _1 _
y' = -5y - 7y+ X—zlnx, 1<x<2 yQ1) = > y(2) = In2.
Exact solution is:
__1(s_ 3y2_y2
y(x) = ) (2 4X + 5X =X Inx).
Note that it is a linear boundary value problem where p(x) = —%, qx) = — x_22 r(x) = x% Inx
continuous on [1,2].

Since g(x) # 0, we cannot say if this boundary value problem has a unique solution. Now we solve the

following two initial-value problems:
M) ¥ =-F¥i-Gyi+Ghx 1<x<2 yi(d) = 5, yi(1) = 0
(i) y3 = —5¥2 = Zya 1<x<2 y2(1) =0, y5(1) = 1

Set up the initial-value problem for a system of 4 1st-order differential equations:



uz

—%Uz - %ul + % Inx
X X 1
! , Ui (1) = o uz(1) =0, uz(1) =0, us(1) = 1.
4

Shooting Method: y"=-4/x*y-2/Z*y+2*In(x)/%, y(1)=1/2,y(2)=In2
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Shooting Method: y"=-4/x*y-2/><2*y+2*|
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MatLab program for this example:

clf

alpha=1/2;

beta=log(2);

a=1;

b=2;

[xv,yv]=0de45(’funsysa’,[a b],[alpha;0;0;1]);

plot(xv,yv(:,1),’r-." xv,yv(:,3),’m-")

hold

n=Ilength(yv(:,1));

yln=yv(n,1);

y2n=yv(n,3);

yvsol=yv(:,1)+(beta-y1n)/y2n*yv(:,3);
truesol=-1./(xv."2).*(2-4*xv+3/2*xv."2-xv."2.*log(xV));
plot(xv,yvsol,’b-’,xv,truesol,’k-")

title(’Shooting Method: y"=-4/x*y-2/x"2*y+2*In(x)/x"2, y(1)=1/2,y(2)=In2")
text(1.2,0.4,"1IVP: y_1"=-4/x*y 1-2/x"2*y_1+2*In(X)/x"2,y_1(1)=1/2,y_1(1)=07)
text(1.3,0.1,"1IVP: y _2"=-4/x*y 2-2/x"2*y 2,y 2(1)=0,y 2(1)=1’)
text(1.2,0.6,”- y=y_1+(beta-y 1(2))ly_2(2)*y_2’)

axis([1200.8])

hold off

figure(2)

semilogy(xv,abs(yvsol-truesol),’b-.”)

title(’Shooting Method: y"=-4/x*y-2/x"2*y+2*In(X)/x"2, y(1)=1/2,y(2)=In2")
ylabel("ly(x_i)-y_i| *)

xlabel(’x)

MatLab function: funsysa.m
function yv=funsysa(t,y);

yv(1,1)=y(2,1);
yV(2,1)=-4/t*y(2,1)-2/(t*2)*y(1,1)+2*log(t)/(t"2);

yv(3,1)=y(4,1);
yv(4,1)=-4/t*y(4,1)-2/(t"2)*y(3,1);

Notes: ode45.m is a MatLab building-in function which solves initial-value problems for systems of
n first-order differential equations:

Ull :fl(xaula""uﬂ)
: , a<x<b, ui(a) =ay, ..., up(a) = an.
Uy = fa(X,Ug,...,Un)

Itis called by:
[xv,uv]=0de45(’funsysa’,[a b],[a1,...,an]); where funsysa.m is a user-provided Matlab program that



evaluates functions of the system at x. The outputs are the vector xv = : and

uv

Uio

Uil

U1N

Uno

u .
" |. Thatis, fora < x < b,

UnN

Y1(X); {Ulo, ui, ..., UlN},

XN-1
XNZb

, Yn(¥) & {Uno, Unt, ..., Unn .



