Simulation of Two-Dimensional Ising Model

We implemented a Metropolis Markov chain Monte Carlo algorithm to numerically explore
the properties and temperature-dependent phase transition behaviour of ferromagnetic materials
through a two-dimensional Ising model, as solving this problem analytically would exceed time. To
do this we modelled spin lattices with sizes ranging from 2 by 2 to 100 by 100 spins, and over a
range of different temperatures. We observed that our numerically obtained values nicely converged
towards the expected analytical values, validating the correctness of the code. In the end we esti-
mated the critical temperature of an infinitely large spin lattice to be Tc(L = 00) & 2.254 + 1.661,
which tended towards the theoretical value of Tc(L = o) = 2.269.J/kp, although a lack of sample
data made out prediction unreliable. Using a computer with more cores would help us obtain 7.
values faster, and improving the estimation of 7. when L — 0o, as our code has some parallelisation

optimisations.

I. INTRODUCTION

In general, calculating parameters of any system
where particles interact is a laborious process as each
particle needs to be individually evaluated to see how it
impacts the behavior of the system as a whole, making
it tedious to calculate analytically. The calculation of
critical temperatures in ferromagnetic materials(FMs)
are no exception. The various properties of a system
close to a critical phenomena is an area of physics that
still lacks a satisfactory understanding.[1] Fortunately,
modern computers are very fast at repetitive simple
calculations, and we have the numerical methods and
models to approximate the behavior of this type of
system.

In this project, we used the the Markov chain Monte
Carlo (MCMC) method with the Ising model to
analyse the behavior of FMs undergoing phase transition
from a magnetised phase to a no-net magnetic phase as
a result of reaching critical temperatures.

As MCMC method is excellent at handling high
dimensional problems, it is a good option for calculating
several properties and the behavior of FMs. This is
because the time complexity of MCMC does not scale
with the number of dimensions like other algorithms
such as the trapezoid algorithm.

In this project we simplified the ferromagnetic ma-
terial to be a 2D lattice s of particles with dimensions
L x L, where each particle has a spin s;;. In order to
make our results applicable and comparable for varying
system sizes L, we scaled our equations of energy,
magnetisation, heat capacity and magnetic susceptibility

to be expressed in quantities per spin.

Before looking at the results from our simulation we
provide some analytical calculations for comparison. We
also look at some analytical results we used to speed
up our numerical solution. We then present the results
from our simulation.

First, we look at how our numerical solution compares
to our analytical solution, how many Monte Carlo
cycles we need to run to approach the analytical results,
and how much burn-in time we can expect from our
simulation.

Secondly, we look at and discuss what kind of prob-
ability distribution we get when we look at energy per
spin € for different temperatures 7.

Thirdly, we discuss some ways we were able to
optimise the code using parallelisation, why we can
parallelise certain parts of the code, and how much
speedup we see after enabling parallelisation.

Lastly, we examine the phase transition of the system
by looking at the behavior of the absolute expected
magnetisation per spin (|ml|), the expected energy
per spin {(€), the specific hear capacity Cy and the
susceptibility x, as a function of different lattice sizes L
and the temperatures T.

We aim to provide a useful discussion for each system
parameter we have touched on, as well as some overar-
ching comments about the performance and value of the
simulation we created.


https://github.com/cecilmkl/comp_phys/tree/main/project4
https://github.com/cecilmkl/comp_phys/tree/main/project4

II. METHODS
A. Analytical approach

We study two-dimensional lattices of size L X L of N =
L? spins with two possible states s; € {—1,+1}. The
lattice refers to the spin state of the system and is defined
by the spin configuration (or microstate)

s=|: o1l 1)

where we imposed periodic boundary conditions such
that each spin has exactly four neighbours.
The total energy of the system is given by

E(s)=—-J Z S50, (2)

where < kl > denotes the sum over all neighbouring pairs
without double-counting. The J is the coupling constant
that sets the energy associated with each interaction be-
tween neighbouring spin pairs. From equation 2, we can
note that the energy is minimised if all the spins point
in the same direction, as kab sks; will have no can-
celling terms and be positive. Keep in mind that this is
a relative energy not an absolute, and can therefore be
negative.

The total magnetisation of the system is the sum of all
spins,

N
M(s) = s (3)

and is therefore unitless, since s; er unitless.
Then, the normalised values are given as the energy
per spin

e(s) = %E(s). (4)

and the magnetisation per spin

1
m(s) = - M(s). 5)
Since both the energy and the magnetisation are de-
fined as functions of the spin configuration s, we can use
its probability density to find the expectation values of
the energy and magnetisation per spin. The expecta-
tion values are the weighted sum of all possible outcomes
where each weight corresponds to the probability of the
value and is therefore interesting to explore.
The spin configuration follows a probability density
function defined by the Boltzmann distribution

P T) = exp{-BE()), (6)

which is a special case of the exponential distribution.
The partition function Z is given by

7= exp{-BE(s)}, (7)

s€D

where s € D indicates all possible spin configurations of
the system and

1

ﬁ:m7

(8)
is the “inverse temperature” with temperature of the sys-
tem, T', and Boltzmann’s constant kp.

The expectation values are then found by

0= (B)= % S B psT), ()
s€eD
and
(fml) = - (M) = = 3" M(s)-p(s:T),  (10)
seD

where s € D indicates all possible spin configurations of
the system. The domain for s for N spins consist of 2%V
possible states which is difficult to explore for large N.
To avoid this, we estimated the expectation values by
using the mean of the generated samples, as this is an
unbiased estimator. This results in:

<€>%E:iiei, (11)

un
=1
and
_ 1 &
(fml) ~ m| = — > Iml;, (12)
S =1

where ng is the number of samples.

The expectation values are not the full story of the
values of € we might expect and the probability of such.
We therefore wish to explore the probability distribution
pe(€) and some additional information about it.

The variance is a measure of how spread out p.(e) is
and is defined as

o =((e=()?), (13)

which can be estimated as

3 Z(ei - ). (14)

This will in turn give the standard deviation of the e-
samples

o= Vo2 (15)



The expectation values can then be used to calculate the
specific heat capacity

Co= v (ED-(BF). (9
and the susceptibility
=y p (O - ?),  an

where both are normalised to number of spins. This can
be done using the relation E = N - € and |[M| = N - |m]|.

In an effort to verify our numerical estimations of (e},
(Iml]), C, and x, we calculated each expression for the
simple 2 X 2 lattice of N = 4 spins and compared these
to our numerical estimates. The analytical expressions
can be found in V B.

B. Critical temperature for phase transitions

In the two dimensional Ising model, there is a second
order phase transition happening at a critical tempera-
ture T, that depends on the size of the system. What
this means is that for a temperature higher than the
critical temperature the system experience no net mag-
netisation, whereas below T, it experiences spontaneous
magnetisation.[1] We have observed this by simulating
the system for lattice sizes ranging from 40 X 40, 60 X 60,
80 x 80 and 100 x 100, and with temperatures ranging
from 2.1 J/kp-2.4 J/kp. From this we made plots of
each parameter (€), (|m|), C, and x. This enabled us
to observe the phase transitions, and compare it to the
analytical value. We could further compare the results
for our finite system, to the ones found by Lars Onsager
for an infinite system (L — 00)[2]:

2
00)=———J/kp ~ 2.269J/kp. 18
) =17 s /ks /kp.  (18)
We do this by looking at the critical temperatures and
lattice sizes for our plots, and use a scaling relation:

T.(L =

T.(L) = Te(L — o0) = aL ™, (19)

where a is a constant, to estimate a critical temperature
for an infinite lattice.

We can use this relation to perform a linear fit to crit-
ical temperatures of different sized lattices against the
inverse of their lattice sizes. The intercept of this lin-
ear regression will then be be a numerical estimation of
the critical temperature for an infinitely large lattice as
7+ 0= L—o0.

C. Improving numerical efficiency

When solving this problem numerically, we would nat-
urally have to compute the Boltzmann factor several

times. However, looking at a 2d lattice with an arbi-
trary size containing the spins of each particle we can
notice a useful pattern:

AFE = Eafter - Ebefore- (20)

The total energy shift of the system AE when flipping
the spin of a single particle can only take one of five
unique values, which is dependent on the particles initial
spin and the spin of the neighbouring particles’.

As AF can only take one of five values, the Boltzmann
factor e #2F can also only take one of five values for a
given temperature 7. This allows us to create a lookup
table for the Boltzmann factor for a given temperature
instead of repeatedly calling the expensive exponential
function. This made makes our program for efficient and
decreases run-time.

We want to simulate a lattice that wraps around,
that is, the leftmost particle’s left neighbour is the
rightmost particle in the same row, and the same goes
for all directions. It is tempting to use an if-statement
to calculate the neighbouring spin for the particles at
the edge of the lattice, however if-statements would
significantly slow down our code. We opt instead to use
the modulo operator to solve this problem. As (i+ L)%L
when ¢ goes from 0 to L will give numbers from 0 to L —1
and then for ¢ = L give (L + L)%L = 0, we effectively
have an iteration that wraps around to the first index.
We can use this method of indexing to avoid the use
of if-statements for the particles at the end of the lattice.?

The algorithm

The MCMC method produce a Markov chain of spin
configuration samples generated using a proposal proba-
bility density function that only depends on the current
state.

To ensure that the samples s were distributed ac-
cording to the Boltzmann distribution, we used the
Metropolis-Hastings algorithm as the rule of acceptance.
How this is enabled is shown in algorithm 1

The rule of acceptance ensures that only values that
upholds

p(s’)
p(ss)

r< (21)

where r ~ U(0,1), s’ is the candidate spin configuration

after a possible spin flip and s; is the previous state. The

1 This is shown in detail in appendix V D
2 A bit more detailed explanation is offered in the appendix V C



Algorithm 1 Markov chain Monte Carlo Metropolis

This algorithm shows a cycle of the MCMC method on the
Ising model, with the Metropolis condition.

procedure
Generate initial lattice > Random or ordered
Pre-calculate possible energy changes w from a spin flip
and their corresponding probabilities according to eq. 6.
for each spin in lattice do
spin *= -1
E +=dE
resulting from flip.
r = uniform(rng) > Generate random number from
uniform distribution r.
If » < w then accept the new state.
Update total energy and magnetisation of the sys-
tem.

> Flip a spin
> Compute new energy of system

right hand side can be evaluated efficiently by reducing
the expression to the following

p(s") _ exp{-PE()}/Z
p(si)  exp{—PE(si)}/Z
)

(22)

exp{-BE(s')}
exp{—BE(s;)} (23)
exp{—BE(s") + 5E(Si)} (24)
exp{—ﬂ( )} (25)
= exp{—BAE}. (26)

D. Parallelisation

We further improved our code by parallelising the sim-
ulation of the system for different temperatures. As these
calculations are completely independent of each other, it
makes for an easy way to make our program more ef-
ficient when calculating for different temperatures. We
chose to use OpenMP to parallelise our code.

Algorithm 2 Code parallelisation

This is a pseudo-code of how we parallelised our code for dif-
ferent temperatures T, where AT is just a small temperature
change.

#pragma omp for
for T=2.0, T< 2.4, T + AT do

> Start parallel region

Ising() > Create model
Simulate(T) > Simulate for temperature T
#pragma omp critical > Prevent conflict
SaveSample() > Save results to file
show (results) > End of parallel region

From algorithm 2, note that we use “#pragma omp
crictial” to prevent the different threads from overwriting
each other when writing to file.

IIT. RESULTS & DISCUSSION
A. Verifying our model with analytical results

For our model to carry any weight at all, we first
needed to verify that it does what it is meant to do. We
did this by running our model with a 2x2 lattice with
unordered spins, temperature T = 1.0 J/kp, so that we
could calculate the analytical results using the analyti-
cal expression found in appendix V B. Note that one MC
cycle corresponds to IV attempted flips, where IV is the
number of particles in the system, in this case N = 4.
We then plotted our results for (e), C,, {{m|) and x:
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FIG. 1. This figure shows the expected energy per particle (e),
as a function of how many Monte Carlo Cycles we used. The
simulation was ran with a 2x2 lattice with unordered spins.
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FIG. 2. This figure shows the specific heat capacity C, (Nor-
malised to number of spins), as a function of how many Monte
Carlo Cycles we used. The simulation was ran with a 2x2 lat-
tice with unordered spins.

We see that figure 1 and 2 bares a striking resemblance,



with the only distinguishing factor being the values on
the y-axis. However, this is to be expected as the to-
tal energy of the system that is used to calculate C, is
dependent on the energy per spin. As there is no other
varying dependencies when calculating C,,, we expect to
see the same shape of the graph, but with different scale
and a different y-axis intercept, as we do in 1 and 2.
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FIG. 3. This figure shows the expected magnetisation per

particle (Jm|), as a function of how many Monte Carlo Cycles

we used. The simulation was ran with a 2x2 lattice with
unordered spins.
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FIG. 4. This figure shows the susceptibility x (Normalised
to number of spins), as a function of how many Monte Carlo
Cycles we used. The simulation was ran with a 2x2 lattice
with unordered spins.

We see the same similarities between figure 3 and 4 as
we did with 1 and 2, and it can be explained with the
same rationale. As we use the total magnetisation of the
system M, which is dependent on the magnetisation per
spin m, to calculate x with no other varying contributing
factors, we expect to see the same shaped graph. In this

case the graph is also flipped in the x-direction, as well
as having a different scale and y-axis intercept.

We see in figures 1, 2, 3 and 4, that all the values (e),
Cy, {Im]) and x has a drastically better approximation
of the analytical values at around 50000 MC cycles.
However, they settle on their analytical values after
around 100000 MC cycles.

B. Examining burn-in time

As we saw in the previous section, our model spends
a certain number of cycles before it approaches the
analytical values. This is due to what is called burn
in time. We examine the burn in time by simulating
a 20 X 20 lattice for different temperatures. We run
the simulation both for the case where the spins of the
particle are initially ordered with all positive spin, and
for the case where the initial spin for each particle is
chosen at random.

We start by looking at the plots for {€) and {|m|) case
where T'=1.0 J/kp.
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FIG. 5. This figure shows (¢) as a function of the number of
MC cycles for T = 1.0 J/kp. For the ordered graph, all the
particles initially have a positive spin, while in the unordered,
each particles initial spin is chosen at random.

Looking at figure 5 and 6 we see a similar pattern.
In the unordered case, both (¢) and (|m|) take a longer
time to converge than in the ordered case, which uses
practically none, to understand why this is, we need to
consider the problem itself.

Each particle has a higher chance of flipping if the
energy of the system decreases when the particle flips,
the most likely state of the system is therefore a state
where the energy of the system is minimised. However,
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FIG. 6. This figure shows (m) as a function of the number of
MC cycles for T' = 1.0 J/kp. For the ordered graph, all the
particles initially have a positive spin, while in the unordered,
each particles initial spin is chosen at random.

in the case of ordered spins, where the particles spin of
each particle is 1, the energy is already minimised, as
the sum in the equation for the total energy 2, will be
positive and have no cancelling terms.

This places the initial state with ordered spin in a high
probability region, which will cause a low to no burn
in time. With particles having a random initial spin,
we are more likely to find ourselves in a low probability
region where the energy is maximised, and we have to
“find” the high probability region, which will increase
burn in time.

This is exactly what we see in both figure 5 and
6. The burn in time for the unordered state seems to
be ~ 1000 cycles before it starts giving similar(high
probability) values. For the ordered case we see no burn
in time, as we are already in the high probability region.

Moving on, we look at the plot for the same values,
but for temperature T' = 2.4 J/kp:

In figure 7 and 8 we see that the valuers for (e) and
{|m]) stabilise at a different value than in figure 5 and 6.
This is to be expected as we changed the temperature.
However, we now see that the ordered and unordered
cases have about the same burn in time of ~ 300 cycles.
As the temperature is raised, this places the unordered
initial state of the system for (e) closer to the high
probability region, which will explain why it has a lower
burn in time. We also expect the (|m|) to decrease for
higher temperatures, which is what we see if we compare
6 and 8.

We now know that we can expect a burn in time
of about ~ 1000 cycles at a maximum, as we saw
from the extreme case in 5 and 6. Disregarding the
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FIG. 7. This figure shows (€) as a function of the number of
MC cycles for T = 2.4 J/kp. For the ordered graph, all the
particles initially have a positive spin, while in the unordered,
each particles initial spin is chosen at random.
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FIG. 8. This figure shows (m) as a function of the number of
MC cycles for T'= 2.4 J/kp. For the ordered graph, all the
particles initially have a positive spin, while in the unordered,
each particles initial spin is chosen at random.

values that are produced during burn in time, will make
out prediction more accurate, as we don’t include the
cases where the system is in a very low probability region.

It is worth noting that when looking at figure 1 for
the 2 X 2 lattice, we could estimate a burn in time of
about ~ 10000 cycles, which is way higher. Because the
system is so small(only 4 particles), a change in one spin
will therefore also produce radically different (¢). Even
after the system has reached it equilibrium, flipping
one particle will place it back in the low probability
region. We believe that we get a better estimation, not
because the system is in a high probability region, but
rather because we calculate the average value over all



T=10] T=24
Nsamples | 288242 [107600807
3 -1.99 -1.21
o? 10.00017| 0.019
o 0.013 0.14

TABLE I. This table shows the number of accepted € sample
values for 10 MC cycles in addition to the estimated expec-
tation value, variance and standard deviation of € for T' = 1.0
and T'= 2.4

the cycles. This would explain why we would need a
large number of cycles to get a good estimation.

C. Probability Distribution

We will now look at the probability distribution of e,
that is p., for the two temperatures T = 1.0 J/kp and
T =24 J/kp in a 20 X 20 lattice. The normalised his-
togram of each e value can be used to estimate the prob-
ability distribution when ns — oo samples. We chose to
run 10 MC cycles and obtained every e value for each
accepted spin flip. The normalised occurrence of each
value is scaled logarithmically on the y-axis.
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FIG. 9. This figure shows a histogram estimate of the prob-
ability density function p. for e, at the two temperatures
T =10 J/kp and T = 2.4 J/kp. The € values are shown
on the x-axis, and the probability density p. is shown on the
y-axis on logarithmic scale. The lowest temperature were
plotted with 10 bins, while the highest temperature has 50
bins. The dotted lines show the mean value of the two distri-
butions.

Looking at figure 9 we see that the two distributions

for T=1.0 J/kp and T = 2.4 J/kp differ significantly.
First we see that for T = 1.0 J/kp, we have a narrow
distribution with a small variance of 02 = 0.0001706,
while the distribution for T'= 2.4 J/kp covers more val-
ues with a variance of o2 = 0.018659 as shown in Table
I. This is expected as the chance that a particle flips is
dependent on the energy of the system. In the initial
state for T = 1 J/kp the energy of the system is ran-
dom. When a particle flips and decreases the energy of
the system, it will lower the chances of other particles
flipping without lowering the energy of the system. We
know that the energy of the system is minimised when
the spin of all the particles are equal, and we saw from
figure 5 € is very close to this state when T' = 1 J/kp.
This means we can that for T'=1 J/kp the lower limit
for € is —2. In other words, the energy can’t be minimised
a lot more, and the energy of the system is low, so the
probability that a particle flips so that the energy of the
system increase is very low. This gives us the distribution
we see in figure 9 for T = 1.0 J/kp

We see that for T' = 2.4 J/kp we have a much larger
standard deviation. As the energy of the system is higher
than for T'= 1 J/kp, the particles have a higher chance
of flipping into a state that increases the energy, giving
a higher deviation as well.

Where the system finds it’s equilibrium is dependent
on the temperature, as the temperature is used to calcu-
late 8 which in turn is used to calculate the Boltzmann
factor. The Boltzmann factor determines the probabil-
ity of a particle flipping without minimizing the energy.
We can therefore view the temperature as a factor that
disturbs the systems ability to minimise it’s total energy.

We can compare figure 9 to figure 5 and 7, we see that
the state we saw most often for € in figure 9 is the same
value we see that (¢) converges towards in figure 5 and
7, which is a confirmation that our simulation is working
as intended.

D. Parallelisation

When parallelising our code, we measured an average
speedup of 2.45375, over 10 runs, when running on 4
cores. The speedup is as expected, as all parallelisation
comes at some overhead cost. This is also a trivial
parallelisation as it mainly just runs the same function
on different cores with different parameters. A limitation
of the parallelisation as outlined in algorithm 2 is that
the different threads have to wait for their turn when
writing to file, to avoid data being overwritten, which
will cause some downtime for the the different threads.
We could expect a speedup closer to 4 if we parallelised
at a deeper level in our code, for example for each flip
spin, but we would never reach a speedup of 4 due to
the overhead of parallelizing.



E. Phase Transitions

Here we provide our plots for the system parameters
over temperatures in the region we expected to find a
phase transition 2.0J/kp — 2.62J/kp. Figure 10 shows
(€). We find a stronger incline between the temperatures
2.2J/kp and 2.4J/kp, as we would expect around the
critical temperature, but this is too faint to be any clear
indication of a phase transition.
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FIG. 10. This figure shows the expectation value for energy
per spin (€) as a function of time for temperatures between
2.0J/kp - 2.63J/kp and for lattice side lengths of 40, 60, 80
and 100 spins.

In figure 11 we see the same plot but for (|m|). Here we
can observe a more significant change after T' = 2.2J/kp.
As we know that the mean magnetisation approaches
zero after the critical temperature, we can see that this
agrees with our plots.This further explain the effects
shown and discussed in section III C, as the temperature
T = 2.4J/kp will be over the critical temperature we see
here.
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FIG. 11. This figure shows the expectation value for the ab-
solute value of magnetism per spin (|m|) as a function of time
for temperatures between 2.0J/kp - 2.63J/kp and for lattice
side lengths of 40, 60, 80 and 100 spins.
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FIG. 12. This figure shows the heat capacity C, as a function
of time for temperatures between 2.0J/kp - 2.63J/kp and for
lattice side lengths of 40, 60, 80 and 100 spins.

Lattice size L|T.(L)[J/ks]|Cy[kE] at T.(L)
40 2.3 1.98775
60 2.27 2.10582
80 2.27 2.41046
100 2.27 2.43277

TABLE II. This table summarises the heat capacity peaks for
the various lattice sizes.
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FIG. 13. This figure shows the susceptibility x as a function
of time for temperatures between 2.0J/kp - 2.63.J/kp and for
lattice side lengths of 40, 60, 80 and 100 spins.

Lattice size L|T.(L)[J/kg]|x[ks/J] at Tc(L)
40 2.33 28.5739
60 2.3 57.4022
80 2.27 90.8113
100 2.3 123.145

TABLE III. This table summarises the susceptibility peaks
for the various lattice sizes.



Figure 12 shows the heat capacity C,. Here we
observe a phase transition occurring at T = 2.3J/kp
for the 40 x 40, and T ~ 2.25J/kp for 60 x 60 and
80 x 80 lattices. We also see that we get a sharp peak
at the critical temperature, that gets sharper with an
increase in lattice size. Hence we can expect that if
the lattice size increased towards infinity, this function
would collapse towards a Dirac delta function around
the T = 2.25.J/kp area. Our peaks for the various lattice
sizes is provided in table II.

In figure 13 we observe a similar trend for the sus-
ceptibility as we did for the heat capacity in figure 12.
Also here we see a sharpening peak moving towards
T = 2.25J/kp as the lattice size is increased, implying
further that this is where our critical temperature T is.
The peak values is summarised in table III.

From Figure 12&13, and table T1&II1, we can see that
the critical temperature tends towards T.(L) ~ 2.27.J/kp
as the lattice size increases.

We know from equation 18, that we expect the crit-
ical temperature to converge towards T.(L — o0) =
2.269.J/kp as the lattice size increase. By using the scal-
ing of the critical temperature expressed in equation 19,
we have a method for estimating T, for an infinitely large
lattice. We can numerically estimate this value by plot-
ting the critical temperature T, for a given lattice of size
L against %, and performing a liner regression. The inter-
cept of the linear regression will then give us an estimate
of T, of an infinity large lattice as % -0 = L — oo.
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FIG. 14. This figure shows the linear regression of the critical
temperatures 7. against % The red dots show the data-
points we used, the green line shows the regression line, and

the blue cross shows in intercept.

We can see from figure 14 that we find the estimated
critical temperature for an infinitely large lattice to be
T. ~ 2.254+1.661. Our estimation is pretty close to the
theoretical limit that Onsager calculated, although the
intercept error is very large. However, there are some
improvement’s that could be made. We could improve
our linear fit by calculating the critical temperature ad-
ditional sizes of lattices. We could also improve the esti-
mation of the critical temperature for a given lattice of
size L. An improved estimation of these critical tempera-
tures could also improve our estimation for the intercept
as the data-points used for the linear regression might
have been less scattered.

IV. CONCLUSION

Through comparisons with known analytical values for
the Ising model, we conclude that we have successfully
made a code utilising the MCMC Metropolis method
to simulate the Ising model. Doing this, we observed
phase transitions occurring at a critical temperature
converging towards T, ~ 2.254 £ 1.661, as the lat-
tice size increase, agreeing with the theoretical value
from the literature, but unreliable due to the large errors.

Although the Ising model is useful for simulating the
behavior of ferromagnets, it does have some limitations.
The run-time for the simulation increases massively
as the size of the lattice increases. We can somewhat
tackle this issue by parallelising the code, giving some
speedup to the simulation, but it still remains an issue.
We saw the consequence of this issue when trying to
approximate the limit where L — oo. As we did not
have enough samples of T,, the error of the intercept
is very large. Even though we got pretty close to the
analytical limit calculated by Onsager, our result is not
reliable enough.

Further parallelising the code might improve the run-
time of our code a bit, but not a lot as parallelising the
code always comes at some overhead cost, and we are only
running the program on four cores. As the simulation
run for several hours, even after a substantial speedup,
we would still require hours to provide a reliable result for
T. when L — 00, as we would need to calculate for several
more sizes of L. We could also use a polynomial fit for
the susceptibility to improve our T, values for a given L,
which might also help improve the reliability of T, when
L — oo, without increasing run-time substantially.

[1] M. Hjort-Jensen, Computational Physics (Department of
Physics, University of Oslo, 2015) lecture notes Fall 2015.

[2] L. Onsager, Phys. Rev. 65, 117 (1944).
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V. APPENDIX

A. Table of all possible states of the 2 x 2 system

Number of +1 spins Total energy, [E(s)] = J Total magnetisation, M (s) Degeneracy
0 -8 -4 1
1 0 -2 4
2 0 0 4
2% 8 0 2
3 0 2 4
4 -8 4 1

TABLE IV. This table summarises all possible state of the 2 X 2 lattice system, where * indicates the states with 2 positive
spins along one diagonal.

B. Analytical expressions for a 2 x 2 lattice

1. Partition function

The partition function is

Z = exp{—BE(s)} (27)
seD

=exp{—f-(=8)} +4 -exp{—f-0} +4 - exp{—f3-0} +2 - exp{—f-8} +4 - exp{—f-0} +exp{—f-(-8)} (28)

— 2 exp{—B - (~8)} +2-exp{—B -8} + 12 exp{—f -0} (29)

=2-exp{88} + 2 exp{—86} + 12 (30)

where s € D indicates all possible states of the system and f is the inverse temperature 7', 5 = %, given in units of
the Boltzmann’s constant [3] = 1/kp where kp = 1.38064852 - 10~2%> m? kg s=2 K~ 1.

2. Expectation value of the energy per spin

@=(50) - ZDE 1)
=}V;3E<s> Z sl ~BE(s ZDE exp{~BE(s)} (32)
= %( 8- exp{86} +2- 8- exp{~88} — 8 - exp{85} ) (33)
- ﬁ (16 -exp{—88) — 16 - exp{85}) (34)
N=t %(exp{ 86) — exp{85) ) (35)

where p(s;T) is the probability density function for s as defined in 6



3. Ezxpectation value of energy per spin squared

() = <(E](VS))2> = L (BOR) = 25 S

sED

3 B (- 6E6)} = 5 SEEN - exp{-5E())

seD seD

—

= 37 (128 -exp{8f} + 128 exp{—SB})

~ (e85} + op(-85})

N

4. FExpectation value of the absolute value of the magnetisation per spin

(= { | M@)]) = 5 (0165 = SOOI
- }VZL; IM(s)] - 5 exp{~BE(s)}
- 57 2 MOl {-85(6)
le (4 exp{8B} +4-2-exp{0} +4-2-exp{0} +4- exp{sm)

- — (8 exp{86) + 16)
N=4

= %(2 -exp{83} + 4)
% (exp{SB} + 2)

5. Ezpectation value of the magnetisation per spin squared

(m?) = <(;IM(S))2> = % > [M(s))?

seD

N2 Z *eXp{ BE(s)}

SED

M(s)]” exp{~BE(s)}

seD

16 - exp{88} + 4 -4exp{0} +4-4-exp{0} + 16 exp{85})

- N2Z

1
N2Z(
N2 ~ (32 exp{86) + 32)

N=4

= %( -exp{86} + 2)
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with E(s) = Ne.

with M (s) = Nm.

6. Specific heat capacity (normalised to number of spins)

Co = ((BGIP) - (Be)?)
- ey (V) - )
= (¥ () =)
- o (e -©?)
= o (5 (e85 + o)) - (5 (exw(-59) —expisny)))
_ k;VTQ (2(6@{—8@ n eXp{SB}) - g(exp{—lfiﬂ} . exp{l()’ﬂ}))
- ::JFVQZ (exp{—8ﬁ} +exp(88} — %(exp{—lﬁﬂ} + exp{168) — 2))
N=4 3

= k@% (eXp{—Sﬂ} +exp{83} — %(exp{—mﬁ} + exp{168} — 2))

7. The susceptibility (normalised to number of spins)

)
— o ((vem) = ()
= o (V) = ¥ )
- (o0 +2) - (i 1))
- (;(z exp{88) +2) — o (exp{165) + dexp(s5) + 4))
_ z@l:r% <exp{8/3} t1- %(exp{w/a} + dexp{88} + 4))

N=4 T <exp{85} +1-— %(exl@{mﬂ} +dexp{8f} + 4))

C. Substituting if-statements with modulo

12

As we want the lattice to have boundary conditions where the neighbouring spin of a particle is dependent on the
spin on the opposite side of the lattice, to simulate a lattice that wraps around, it is tempting to use if statements.
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For example, if we wish to calculate the neighbouring spin of a particle with index (0,x) in the matrix we need the
spin of particle (L-1,x). It is tempting to make an if statement to fetch the spin in these cases, however we can use
modulo to avoid using if statement, and make the code more efficient.

Indexing with with (i + L)%L) where ¢ literates from 0 to L, the first index will take the values from 0 to L, but
when ¢ = L, using modulo will make the index 0, as (L + L)%L = 0. Effectively this will make the index wrap around
without the use of any if statements.

D. Energy shift for flipping the spin of a single particle

We know that the total energy of the system is given by:

N
E(s)=—J Y sks (69)

<kl>

where < kIl > means the sum over all neighbouring pairs. We can calculate the shift in the total energy of the
system in the following way:

AE = Eafter - Ebefore (70)
N N
= (_J Z Sksl)after - (_J Z Sksl)before (71)
<kl> <kl>
N N
= —J(( Z SkS1)before — ( Z SkSt)after) (72)
<kl> <kl>

When flipping the spin of one particle we can view the sum in equation 69 Y sis; as a sum where sy, is the spin of
the particle we want to flip, and s; is the respective spin of its four neighbouring particles. If we assume s; to have a
positive spin in the initial state, and a negative spin after being flipped, we can calculate the shift in the total energy
of the system by looking at equation 72. This shift in energy is shown in table V D. It is worth noting that only the
region where the flip occurred will change the system as all the other sums cancel.

> sksi
Ny initial state flipped state AFE
0 4 -4 -8J
1 2 -2 -4J
2 0 0 0J
3 -2 2 4]
4 -4 4 8J

TABLE V. This table shows the shift in the total energy of the system, when a particle with positive spin is flipped to have
negative spin. Column Ny shows the amount of neighbouring particles with positive spin. Column Y sis; shows the sum over
the particles spins where s is the spin of the centre particle, and s; is the respective spin of its neighbours. As we assume the
particle to have an initial positive spin, it is split into two sub columns, one with the initial postitve spin state, and one with
the ’after’ the paricle has been flipped to have a negative spin. Column AFE shows the total energy shift in the system.

Looking at table VD, we see that the total energy shift AE yields five different unique values. These values are
however symmetric around zero. If we were to assume the the initial spin of the particle was negative, and flipped to
positive, we would gain the same five values for the shift in energy AFE, but in opposite order. Flipping the spin of
the particle will just flip the sign of each sum calculated in table V D, thus also the shift in energy AFE. The shift in
the total energy AF when flipping the spin of a singe particle can therefore only take one of five possible values, as
displayed in table V D.
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We are going to frequently use the Boltzmann factor e #2F  where 8 is dependent on a temperature 7 and the
Boltzmann constant. As we know that AE can only have 5 possible values, the Boltzmann factor will also only
have 5 possible values for a given temperature. Therefore we can calculate these 5 different values for the Boltzmann
constant once and put them in a list for a given temperature, and using it as a lookup table. This way we avoid
having to repeatedly call the expensive exponential function to calculate the Boltzmann factor.
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