Simulating the Double Slit Phenomena in a Box

‘We have implemented the Crank-Nicolson method in 2+1 dimensions for the numerical estimation
of the two-dimensional time-dependent Schrodinger equation in order to simulate the interaction of
a Gaussian wave-packet with 0-3 slitted potential barriers. Animations and plots of the simulated
quantum align well with the expected interference pattern behaviour of the simulation. The 1D
plot of the quantum state observed at a virtual detection screen produced the expected interference
pattern for the probability of detecting the particle at certain points along a detection screen for

single, double and triple slit.

Our code and animations of different simulations can be found at GitHub®.

I. INTRODUCTION

In 1801, almost a hundred years before Max Planck
proposed his theory that is the basis of modern quan-
tum mechanics[1], a young Thomas Young demonstrated
the wave-particle duality of light through his famous in-
terference experiment in which he split a beam of sun-
light emerging from a small hole in two by using a paper
card[2],and observing the resulting patterns projected by
the split beam onto a canvas (Figure 1).
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FIG. 1: Youngs’ sketch of his experiment[2]. A and B
show the split light beams. C, D, E and F indicates the
wave-pattern projected onto a canvas.
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Here we show our work on creating a numerical simula-
tion of the behaviour of a Gaussian wave-packet evolving
in time within a two dimensional box containing a sep-
arating barrier with one, two and three slits. The evo-
lution of the Gaussian was calculated for each time step
by using a discretised two-dimensional time-dependent
Schrodinger equation with the Crank-Nicolson method
in 2+1 dimensions. This method provides a good way to
see the time-varying probability distribution of the sys-
tem without having to do the heavy calculations needed
to do it analytically. We do recognise that there exists
more efficient methods of numerically simulating such a
system, however it does provide a simple and uncondi-
tionally stable way to do the calculations in the simula-
tion in a timely manner.[3][4]

II. METHODS

The general formulation of the Schrédinger equation
can be written as

d .
h— |U) =H |¥
i W) = 7 19)

Here h is the reduced Planck’s constant, H is the Hamil-
tonian operator and |¥) is the quantum state.

A single, non-relativistic particle in two dimensions
were considered. Position space was used such that the
quantum state can be expressed as a complex valued
function ¥(x,y,t), which is commonly referred to as the
wave function. The Schrodinger equation becomes

0 n? s 92 0?

ot
+ V(z,y,t)¥(z,y,t).

where the potential V' encodes the external environ-
ment. We explored the case of a potential V that is
time-independent, V = V(z,y).

Position space allowed us to take advantage of the Born
rule

U2,y ) = O (2,y,0)¥(z,y,1),

which relates the quantum state ¥ to the probability,

p(z,y;t) =

p(x,y;t), of detecting a particle at a position (z,y), if

measured at time t. Here, the U* denotes the complex
conjugate.

For simplicity, the problem was scaled so that we
were left with dimensionless variables. The “bare”
Schrodinger equation can then be written as

Ou u 9%u
where u(z,y, t) denotes the wave function in the presence
of potential v(z,y). The Born rule can then be expressed
as
= u*(z,y, u(z,y, 1) (2)

p(z,y;t) = |u(z, y, 1)


https://github.com/cecilmkl/fys3150/tree/main/project5
https://github.com/cecilmkl/fys3150/tree/main/project5

assuming the wave function u is properly normalised so
that the sum of discrete position probabilities is 1.

The values of the wave function that denotes the state
of the system, wu(z,y,t) were stored in a matrix U™ of
size M x M for each time step n.

A. Initial and boundary conditions

The box were defined by the discrete positions within
x € [0,1] and y € [0,1], divided into M points in each
direction. Dirichlet boundary conditions were assumed,
with v = 0 along the borders, such that

u(z =0,y,

t
t

(
u(z = 1,v,
(

0
0
u(x,y =0,t 0
0

)
)
)
u(z,y = 1,t)

in the base code, which simplified the Crank-Nicolson
algorithm.

The wave function u was be initialised using the Gaus-
sian wave-packet described by

w(z,y,t =0) = eXp{ (2 =) (y—ye) }
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~exp{ipz(x —xc) +ipy(y —ye)},  (3)

where (z.,y.) are the center coordinates, o, and o, are
the initial widths of the Gaussian, and p, and p, are the
wave packet momenta.

In order to assure that the particle is trapped inside the
box when the simulation is started, the initial conditions
uw(z,y,t = 0) must adhere to the boundary conditions
such that u(x = 0,y,t = 0) = 0 and so on.

Additionally, v was normalised in order to ensure that
the total probability of the 2D quantum state of the sys-
tem p(z,y;t) sums to 1, like probabilities should. This
means that the initial wave function had to satisfy

> p(x,y;t =0) = u*(2,y,t = 0)u(x,y,t =0) = 1.
x,Y

Without these initial conditions, we risked that the par-
ticle could be positioned outside the box.

B. Evolving the system in time

The algorithm used to evolve the system in time were
obtained by discretising the Schrodinger equation(Eq.1)
through the Crank-Nicolson approach such' that the dis-

1 Calculations for arriving to the discrete equation is shown in
appendix V A

crete form of the equation becomes:
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Where r = ;Ath and subscript 7,7 = 1,...,M — 2 are
indices that should not be confused with the imaginary
unit. Note also that the superscripts are not powers,

but simply the indices for the time variable.

Due to our simple boundary conditions, the equation
can be rewritten as 4 using matrices so that

Ai™t = Ba™. (5)
Here, ﬁ{fj is a column vector containing all internal points
ui; of the zy grid at time step n. Due to space con-

straints, u,”; is shown here as a row vector
:
—-n __ n n n
u- = [(ul,la U1y - aUM—2,1)» e

(u?,M—27 ug,M—27 R unM—Q,M—Q)L

where the parentheses are added to indicate change in
index j, but has no other mathematical meaning. The
vector @™ is of size (M — 2)? such that both A and B
matrices are of size (M —2)? x (M —2)? and on the form

ag —r 0 —r O
-r a —r 0 -—r
0 —r ag —r O
A=1—r 0 —r a3 —r )
0 —r 0 —r a4

At - At

with r = i RzzAgE = laps- The B matrix has the same

structure, but with positive 7 on the super- and sub-
diagonals and the diagonal elements of both matrices are
given by

ay = 1+4r+i%vij (6)
by, = 1—47‘—1'%7)2»]», (7)

for k=0,...,(M —2)* - 1.
By using equation 5, the state of the system in the

next time-step, n+1, is calculated by two relatively sim-
ple operations:

Bi" =b. (8)

And the solution is given by



At = b, (9)

to find the state of the system @"*! in the next time-
step. As A and B are very large, sparse matrices with
most entries equal to 0, this was solved using Armadillo’s
built-in solver for sparse matrices, spsolver. This solver
implements the so-called superLLU library which imple-
ments a parallelised (through CUDA, openMP and MPI)
LU decomposition with partial pivoting and forward and
backwards susbstitution in order to effectively solve sys-
tems involving sparse matrices.

C. Numerical solution

In our simulation, the Gaussian wave-packet was
contained to positions x,y € [0,1] on a grid consisting
of M X M data-points, meaning that the Gaussian
can evolve on an internal grid of (M — 2) X (M — 2)
data-points that are not affected by the boundary
conditions. In order to make the box boundaries and
barrier impenetrable by the wave-packet, we set the
potential of the boundary and the barrier to be a very
large value given as vg.

This was strictly not necessary as u is bound to be
zero along the boundary. Thus, we chose to do this as
a formality, because a high potential corresponds to a
'wall’, and we wanted the particle to be inside the box.
New ”walls”, i.e. slitted barriers, were constructed in
the box by setting the potential to be as high as the
boundary conditions for the box itself.

Parallelisation of the simulation code were achieved by
letting simulations with different parameters run on dif-
ferent threads(note that this does not cause any speedup
for the core algorithm, but makes it faster if we wish
to run several simulations at once.), and through Ar-
madillo’s spsolver mentioned earlier.

D. Algorithm

The Crank-Nicolson scheme that were used to discre-
tise the Schrodinger equation is a second order partial
differential equation, and it is an implicit method that
combines the explicit forward difference scheme with
the backward difference scheme. Here the simplified one
dimensional case is shown, but further details on how the
Crank-Nicolson method is used in two dimensions, and
in particular for the Schrodinger equation, is provided
in Appendix V A.

The general form for a 1D partial differential equation
is given as
Ou(x,t)

5 = F(z,t)

Algorithm 1 Discretisation with Crank-Nicolson

procedure CRANK-NICOLSON(u, F,n)

ntl_,n.
% = F" > Forward difference scheme
w T u" +1 .
”T E > Backward difference scheme
Wl Tl _gm 41 .
L = OFT (1—6)F for 6 € [0,1] > Linear

combination of F.D and B.D.
Z;’lfuij 1 Fn+1 Fn C N . h 9 1
xr = g lFTT - B > C-N with 0 = 3

The spatial discretisation with Crank-Nicolson as
shown in algorithm 1, is applied to the algorithm through
the rendering of the matrices A and B used for solving
the matrix equation A_’”jrl Bu7 ; as described in Sec-
tion I B. This is particularly v151ble when the definition
of ay(6) and by (7) in Section II B is compared to the dis-
cretised Schrodinger equation(4).

The matrix equation is then solved for @ 7" using the
algorithm shown in Algorithm 2. It is 1mp0rtant to note
that the matrix equation requires the quantum state at
time step n to be described as a column vector, not as a
state matrix, so the quantum state must be converted be-
tween column vector and matrix form in order to evolve
the system in time and to represent the state of the sys-
tem at a given time.

+

Algorithm 2 Solving differential equation with C-N

+1

procedure SOLVING FOR NEXT STATE wu; WITH

CN(matrlX U™, A, B, time-step n, total time T)

U™ — i, > Transform quantum state
for ¢ in range(0,T, At) do
b= By
Uy = A% > using a built-in solver or doing it
manually
;= U" > Transform quantum state back

This algorithm will has a truncation error of O(At?)
+ O(Az?) (+ O(Ay?) for 2D case), which is fairly good
for very small step sizes At, Az and Ay. The last two
are equal and defined as h in this project. Additionally,
it does not have any stability requirement [3].

E. Control checks

As a control for our simulation, we made sure that
there were no gain or loss of probability. As the particle
is expected to be found somewhere inside the box, we
expect the probability across all data points in the xy-



plane of a time slice to sum to one, i.e.
D uijuig=1. (10)
,J

We controlled this by making a plot of the calculated
total probability’s deviation from one. We did this for
both a simulation without any barrier, and for a double
slit barrier.

It is also worth noting that in general:

piy = (a — bi)(a + bi)
=aa — (—b)b+ ((—=b)a + ab)i
=a* +b* + (ab— ab)i
=a® +b% (11)
= Re(c)? + Im(c)?, (12)

where c is the complex number.

III. RESULTS & DISCUSSION
A. Controlling simulation an total probability

To obtain a control check on the total probability
of our system we used the following parameters h =
0.005, At = 2.5 x 107°, T = 0.008, z. = 0.25, 0, =
0.05, p, = 200, y. = 0.5, o, = 0.20, p, = 0 and
vg = 0 for the simulation with no barrier. We then used
vo = 1 X 10'° when simulating with the double slit bar-
rier. The results are shown in figure 2 and 3 respectively.
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FIG. 2: This plot shows the deviation from 1 of the total
probability for an empty box without slits.
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FIG. 3: This plot shows the deviation from 1.0 of the
total probability for an empty box with a double slit.

Figure 2 and 3 show that the deviation from 1.0 is of
10~1* order of magnitude in both cases. This indicates
that our simulation does experience some loss of proba-
bility, but the loss itself is negligible.

In the case with no slit in figure 2, we observe that the
deviation from 1.0 seems to decrease and increase period-
ically as the wave-packet interacts with the barrier walls,
with a larger amplitude, or deviation, as the simulation
time increase.

In contrast, in the probability loss plot of the double
slit simulation shown in figure 3, the peaks from the wall
bouncing disappear, and the probability deviation from
unity is smallest as the wave-packet hits the barrier wall
with the double slit at time ¢ = 0.001, and then increases
and becomes less coherent as the wave-packet looses co-
herence and bounces chaotically around inside the box.

B. The 2D probability function?

Here we present the probability density state p;; of
the system with a double slit barrier at 3 time points.
We ran the simulation with the following parameters:
h =0.005, At =2.5x 1075, T = 0.002, z. = 0.25, 0, =
0.05, p, = 200, y. = 0.5, oy, = 0.20, p, = 0 and vy =
1 x 10'°. The double slit barrier is located at x = 0.5
with a width=0.02, the slits have an aperture of 0.05 in
y-direction and are separated by a wall piece with length
0.05 in y-direction. The separation piece is centred at
y = 0.5.

Figure 4 shows the quantum state at time ¢t = 0.0,
the initial Gaussian wave-packet visible to the left. The

2 All the plots that show the quantum state of the system also have
an animation, which you can find on our GitHub page. Looking
at the animations might give you a better understanding of how
the system evolves over time, in comparison to static plots.
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FIG. 4: Shows p;; at the initial state ¢ = 0.00. = and y

shows the spacial dimensions, while the color-bar shows

the magnitude of pj;. The double slit barrier, marked in
white, is located at = = 0.5.
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FIG. 5: Shows p;; at ¢ = 0.001, when the wave packet

"hits” the double slit barrier. z and y shows the spacial

dimensions, while the color-bar shows the magnitude of

pij- The double slit barrier, marked in white, is located
at x = 0.5.

initial state looks as expected with the parameters we
set for the simulation matching the form and position of
the wave-packet we see in 4.

When the wave-packet passes through the slits at time
t = 0.001 and ¢ = 0.002, shown in figure 5 and 6 respec-
tively, we see several interesting observations. Firstly, we
can see the interference patters forming on the right hand
side of the barrier as a result of the wave-packet passing
through both slits at the same time. This pattern is ex-
actly what we expect when plotting the quantum state
and shows that our algorithm works as intended, as this
reflects what would show up on a detector screen if we
conducted the double-slit experiment in real life and is
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FIG. 6: Shows p;; at ¢ = 0.002, after the wave-packet
has first hit the barrier. x and y shows the spacial
dimensions, while the color-bar shows the magnitude of
pij- The double slit barrier, marked in white, is located
at x = 0.5.

akin to the pattern shown in Young’s sketch in figure 1.
We also see part of the wave-packet reflected back by
hitting the wall, as well as a slight reflected interference
pattern caused by the separation piece on the left side
of the wall (also observed by G. Kélbermann [5] ). This
effect is clear in our simulation, due to our code not tak-
ing into account possible energy loss in collisions with
walls or barriers, and hence the wave can scatter back
and forth, while still being observable. However, we have
not done a test on possible energy loss that the wave
might experience due to truncation errors, so this might
be observed by a simulation taking place over a longer
time-period.

C. Re(ui;) and Im(uij)

We can also plot the real and imaginary part of u;; to
get a better sense of how they combine to form wavelike
interference patterns in the probability function. You
can see the imaginary part of u plotted in figure 7-9,
and the real part of u in figure 10-12. The plots show
the imaginary and real part of u at the same time-steps
as we did for the probability function, that is ¢ = 0.00,
t = 0.001 and t = 0.002.
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FIG. 7: Shows Im(u,;) at the initial state t = 0.00. z
and y shows the spacial dimensions, while the color-bar
shows the magnitude of Im(u;;). The double slit barrier,
marked in white, is located at x = 0.5.
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FIG. 8: Shows I'm(u,;) at t = 0.001. = and y shows the
spacial dimensions, while the color-bar shows the mag-
nitude of Im(u;;). The double slit barrier, marked in
white, is located at x = 0.5.
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FIG. 9: Shows I'm(u,;) at t = 0.002. = and y shows the
spacial dimensions, while the color-bar shows the mag-
nitude of Im(u;;). The double slit barrier, marked in
white, is located at = = 0.5.
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FIG. 10: Shows Re(u;;) at the initial state ¢ = 0.00. z
and y shows the spacial dimensions, while the color-bar
shows the magnitude of Re(u;;). The double slit barrier,
marked in white, is located at x = 0.5.
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FIG. 11: Shows Re(u;;) at t = 0.001. = and y shows the
spacial dimensions, while the color-bar shows the magni-
tude of Re(u;;). The double slit barrier, marked in white,
is located at x = 0.5.
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FIG. 12: Shows Re(u;;) at t = 0.002. = and y shows the
spacial dimensions, while the color-bar shows the magni-
tude of Re(u;;). The double slit barrier, marked in white,
is located at x = 0.5.



Looking at the figures we have for the real and
imaginary part of w;;, 7-12 respectively, we see that
they look similar to each other, at the same time-steps.
We know that p; = wuiuj;, and as we showed in
equation 12, pi is just the sum of the squares of the
imaginary part and the real part. In other words, pj;
should show constructive interference between the two,
never be negative and only be close to zero if both
the imaginary and real part is close to zero. We see
that the imaginary and real part are both positive and
negative in the region of the wave-packet, and zero
everywhere else. As we know that p = Re(u)? + Im(u)?,
we see that the plots for p, that is figure 4-6, gives
the sum of the imaginary and real part, removing the
positive/negative wave features from the real/imagi-
nary plots, resulting in a more “smooth” probability plot.

D. Detector screen
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FIG. 13: Shows the probability of finding the particle

on the detector screen given x = 0.8 and ¢ = 0.002,
using a single slit barrier.

As we can see from figure 6, we can see the particle
has a non-zero probability at = 0.8 at time ¢ = 0.002.
If we assume that there is a detector screen placed at
x = 0.8, which spans the entire y-direction, and we
extract the y-data at x = 0.8 and ¢t = 0.002, we get
the probability of the particle being detected by the
screen at that time. However, as previously discussed
the probability of finding the particle inside the box is
one. As we want the detector screen to actually detect
the particle, we need to normalise this probability once
again to 1. The resulting pdf’s for finding the particle at
different points along the y-axis is p(y|z = 0.8,¢ = 0.002)
(and not p(ylt = 0.002) along z = 0.8) is shown in
figures 13, 14 and 15 for single, double and triple slits
respectively. The potential barrier containing the slits is
located at = 0.5 with a width=0.02, the slits have an
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FIG. 14: Shows the probability of finding the particle

on the detector screen given = 0.8 and ¢ = 0.002,
using a double slit barrier.
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FIG. 15: Shows the probability of finding the particle

on the detector screen given = 0.8 and ¢ = 0.002,
using a triple slit barrier.

aperture of 0.05 in y-direction and are separated by a
wall piece with length 0.05 in y-direction. In the single
slit case, the slit is centered at y = 0.5, while for the
triple slit the centre slit is located at y = 0.5. In the
double slit case, the two slits are separated by a wall
piece which is centred at y = 0.5.

We see in figure 13 the exact pattern we would expect
if we conducted the singe slit experiment. The proba-
bility of detecting the particle peaks at y = 0.5, which
is where the slit is located. We see that the probability
declines as we start from y = 0.5 and is close to zero
for y = 0.5 £ 0.2. If we moved the barrier further back,
for example to x = 0.9, we would expect a lower peak
probability at the centre, and higher probability for de-
tecting the particle further from the center of the detec-
tion screen. If we moved the detection screen to x = 0.6,



we would expect a higher probability for detecting the
particle at y = 0.5, but lower probability when straying
from the center of the detector screen. The further the
screen is located from the slit, the more time the par-
ticle has to dissipate outwards like a wave, causing this
effect. For the double slit setup shown in figure 14 we
see the interference pattern we expect. With the highest
probability for detecting the particle directly behind the
centre separation piece at y = 0.5. We then see a drop
in probability caused by destructive interference, and the
two second probability peaks caused by constructive in-
terference. In the pdf for the triple slit setup shown in
figure 15 we see two central peaks and again a drop in
probability in the peaks further from the centre.

IV. CONCLUSION

We have successfully implemented a numerical ap-
proach to solving the time evolution of the quantum
state of a system with a Gaussian wave-packet inter-
acting with 0-3 slitted barriers in a two dimensional
box. Simulations of the system’s quantum state were
conducted successfully, as well as interactions with a
detector screen. The resulting animations and plots of
the system at various time points shows interference
patterns consistent with experimental data.

Our simulation was verified to not experience a
significant gain or loss of probability and can thus be
considered a fairly robust method for simulating systems
such as this.

Further work could explore both other types of wave-
packets than the Gaussian, as well as increasing the spa-
tial and temporal resolution, and adding another spatial
dimension.
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V. APPENDIX
A. Discretising the Schrodinger equation

We have the 'bare’ Schrodinger equation:

Ou ?u  0%u

We can discretise the right side of equation 13 in the following way(not for time yet):
Wit,j = 2Wij + Uimrj  Wigjy1 — 2+ Ui

_ P Axv2 _ 5 Ay2 —+ Vi, Wi 5+ (14)

Note that all the is that appear in subscripts are not imaginary numbers, but indices. The Crank-Nicolson approach

lets us discretise 2%7; and write it as:

ntl _ ult. 1

;g ijo_ +1

v 1 A 1)
Where F; ; is some arbitrary function, or in this case equal to the expression we have for the right side as shown
in equation 14. However, we want to organise our discrete Schrodinger equation according to the time-steps, so we
rewrite equation 15 in the following way:

us:
il = ST+ F (16)
At At
i =gy = o FT S F (17)
At At
iy = S F =+ S E (18)

We now insert the expression we have for F; ;, that is expression 14. We also recognize that having the same
step-length in both x and y direction, we have Ax = Ay = h. We can now write the discrete Schrodinger equation as:

At n+1 —2u n+1 +un+1 unJrl _2un+1+ n+1

.on+l | 2V Ti4lj i—1,j i,j+1 i,J hj—1 n+l
Wy 9 ( h2 2 Vi, jU; )
n n n n
ot E(“m,f —2ui; Uil L Wi A Rl N S S ) (20)
=W T 2 h2 i Wi,j

We then multiply the equation with (—i) and rewrite it to be a little more tidy:

n1 AL ntl | ol AL nL et iAt ntl
Yij T on2 [uisy; — 2wy +uiTy ;] — h2 [wi e — 2w ]+ 5 ViU
zAt 1At 1At
— n n n n
th [ Uit1,j Qui,j + ui_l:j] + 2h2 [ui7j+1 + u i,J— 1] ) Vi, j U - (21)
As Z%ﬁ is only a constant we can define r = §%2t7 and simply write:
Ll o ] — e ful L _2n+1+ nH]‘*‘At nal
Wiy =Ty = Sy T Wiy ] = Tl i Yij—1 o Vil
=yt rlufyg ;= 2w g (e = 20 ] - o ViU (22)

Where r = ;%5 Equation 22 now expresses the discrete version of the ’bare’ Schrodinger equation showed in 13.
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