
Chapter 2 solutions

2.1 A set of vectors are linearly dependent if
∑

i ai |v〉i = 0, where ai are
complex numbers not all zero, and |v〉i are the vectors. Otherwise they are
linearly independent. For the given set of vectors we can see that (1,−1) +
(1, 2)− (2, 1) = 0. Thus they are linearly dependent.

2.2 Here we have a linear operator A such that A |0〉 = |1〉, and A |1〉 = |0〉.
From equation 2.12 of Nielsen & Chuang we see that the matrix representation
of a linear operator A : V →W is given by

A |vj〉 =
∑
i

Aij |wi〉 , (1)

where {|vj〉} is a basis for V , {|w〉i} is a basis for W , and the Aij are the
elements of the matrix representing the operator A. Here we have W = V .
Then we can write

A |0〉 = |1〉 = 0 |0〉+ 1 |1〉 ,
A |1〉 = |0〉 = 1 |0〉+ 0 |1〉 .

(2)

Thus we have A00 = 0, A01 = 1, A10 = 1, A11 = 0, which means that the matrix
representation of A with respect to the input basis {|0〉 , |1〉}, and output basis
{|0〉 , |1〉} is

A ≡
[
0 1
1 0

]
. (3)

We can have a different matrix representation of the operator A, by choosing
a different input and output bases. We will use the basis {|+〉 , |−〉} as both the
input and output bases. Here

|±〉 =
1√
2

(|0〉 ± |1〉). (4)

Then the action of A on this basis is given by

A |±〉 =
1√
2

(A |0〉 ±A |1〉) =
1√
2

(|1〉 ± |0〉) = ± |±〉 . (5)

Thus A converts |+〉 to |+〉, and |−〉 to − |−〉. Again using equation 2.12 from
Nielsen & Chuang, we can write this as

A |+〉 = |+〉 = 1 |+〉+ 0 |−〉 ,
A |−〉 = − |−〉 = 0 |+〉 − 1 |−〉 .

(6)

Thus we have A++ = −A−− = 1, and A+− = A−+ = 0. Thus the matrix
representing A with respect to this choice of input and output bases is

A ≡
[
1 0
0 −1

]
. (7)

The operator A is nothing but the operator corresponding to the Pauli matrix
X.
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2.3 A is a linear operator from V to W , and B is a linear operator from W
to X, where V,W,X are vector spaces. Then from equation 2.12 of Nielsen &
Chuang we have:

A |vi〉 =
∑
j

Aji |wj〉 , (8)

B |wj〉 =
∑
k

Bkj |xk〉 , (9)

where {|vi〉}, {|wj〉}, and {|xk〉} are the bases for V , W , X, respectively, and
Aji, and Bkj are the elements of the matrices representing A, B, respectively,
in these bases. Then we can write the linear transformation BA : V → X as

BA |vj〉 = B(A |vj〉)

= B

(∑
ji

Aji |wj〉
)

=
∑
j

Aji(B |wj〉)

=
∑
j

Aji

∑
k

Bkj |xk〉

=
∑
kj

BkjAji |xk〉

=
∑
k

(BA)ki |xk〉 , (10)

where in the third line we used the linearity of B, and in the last line we used
the definition of matrix multiplication. The complex numbers (BA)ki are the
elements of the matrix corresponding to the operator BA. Thus the matrix
representation of BA is the product of the matrix representations of B, and A.

2.4 The identity operator is defined as I : V → V , such that I |v〉 = |v〉, where
|v〉 is a vector in the vector space V . Let {|vi〉} be a basis for V . Then

I |vi〉 = |vi〉 = 0
∑
j<i

|vj〉+ 1 |vi〉+ 0
∑
k>i

|vk〉 . (11)

This is possible because a basis is always linearly independent. Thus Iij = 1
if i = j and Iij = 0 if i 6= j. Thus the matrix corresponding to the identity
operator is

I ≡

1
. . .

1

 , (12)

where the missing elements are all 0.
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2.5 A function (·, ·) : V ×V → C is an inner product if it satisfies the require-
ments that:

1. (·, ·) is linear in the second argument,

2. (|v〉 , |w〉) = (|w〉 , |v〉)∗,

3. (|v〉 , |v〉) ≥ 0 with equality if and only if |v〉 = 0.

This is the definition of inner product given in Nielsen and Chuang. The claim
is the function (·, ·) : Cn → C defined by

((y1, . . . , yn), (z1, . . . , zn)) ≡
∑
i

y∗i zi = [y∗1 . . . y
∗
n]

z1...
zn

 , (13)

is an inner product. To verify this claim we need to check if it satisfies all the
conditions of being an inner product.

Linearity in the second argument. Let the second argument be
∑

i λi(zi1, . . . , zin).
Then from the definition we have

((y1, . . . , yn),
∑
i

λi(zi1, . . . , zin)) =
∑
j

y∗j

(∑
i

λizij

)
=
∑
ij

λiy
∗
j zij

=
∑
i

λi

(∑
j

y∗j zij

)
=
∑
i

λi((y1, . . . , yn), (zi1, . . . , zin)). (14)

Conjugate symmetry. We can check this by using the symmetry and linearity
of complex number conjugation:

((y1, . . . , yn), (z1, . . . , zn)) =
∑
i

y∗i zi

=
∑
i

(z∗i yi)
∗

=

(∑
i

z∗i yi

)∗

= ((z1, . . . , zn), (y1, . . . , yn)). (15)

Positive semi-definite. This is happens because z∗z = |z|2:

((y1, . . . , yn), (y1, . . . , yn)) =
∑
i

y∗i yi =
∑
i

|yi|2, (16)

where |yi|2 ≥ 0 with equality if and only if yi = 0.
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2.8

2.9 The identity Pauli matrix is given by,

σ0 ≡ I ≡
[
1 0
0 1

]
(17)

And must fulfill that Î |1〉 = |1〉 and Î |0〉 = |0〉
Then we can express the operator Î as follows;

⇒ Î = |0〉 〈0|+ |1〉 〈1| (18)

Now let’s see for the remaining Pauli operators. In general, when we have
an operator represented as matrix:

A =

(〈0| 〈1|
α β |0〉
γ δ |1〉

)
(19)

⇒ A = α |0〉 〈0|+ β |0〉 〈1|+ γ |1〉 〈0|+ δ |1〉 〈1| (20)

Therefore,

σ1 ≡ σx ≡ X ≡
[
0 1
1 0

]
⇒ X̂ = |0〉 〈1|+ |1〉 〈0| (21)

σ2 ≡ σy ≡ Y ≡
[
0 −i
i 0

]
⇒ Ŷ = i |1〉 〈0| − i |0〉 〈1| (22)

σ3 ≡ σz ≡ Z ≡
[
1 0
0 −1

]
⇒ Ẑ = |0〉 〈0| − |1〉 〈1| (23)

2.10 We are looking for the matrix representation of the operator |vj〉 〈vk|,
then,
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|vj〉 〈vk| = Iv |vj〉 〈vk| Iv (24)

=

(∑
p

|vp〉 〈vp|

)
|vj〉 〈vk|

(∑
q

|vq〉 〈vq|

)
(25)

=
∑
p,q

|vp〉 〈vp|vj〉 〈vk|vq〉 〈vq| (26)

=
∑
p,q

|vp〉 δp,jδk,q 〈vq| (27)

=
∑
p,q

δp,jδk,q︸ ︷︷ ︸
Apq

|vp〉 〈vq| (28)

(29)

Where the array element Apq, with column q and row p,

Apq = (|vj〉 〈vk|)pq = δp,jδk,q (30)

2.11 Pauli matrix σ1 = σx

X =

[
0 1
1 0

]
(31)

⇒ 0 = c(λx) = |X − λxI| =
∣∣∣∣−λx 1

1 −λx

∣∣∣∣ = λ2x − 1 (32)

∴ λx = ±1 (33)

If λx,1 = 1, its eigenvector |vx,1〉 is:

⇒ X − λx,1I =

[
−1 1
1 −1

]
(34)

⇒
[
−1 1
1 −1

] [
ax,1
ax,2

]
=

[
0
0

]
(35)

⇒ |vx,1〉 =
1√
2

[
1
1

]
(36)
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If λx,2 = −1, its eigenvector |vx,2〉 is:

⇒ X − λx,2I =

[
1 1
1 1

]
(37)

⇒
[
1 1
1 1

] [
bx,1
bx,2

]
=

[
0
0

]
(38)

⇒ |vx,2〉 =
1√
2

[
−1
1

]
(39)

Note that the matrix representation of this in the basis of the eigenvectors
for a particular operator, is just a diagonal matrix with entries equal to the
eigenvalues:

⇒ Xdiag =

[
1 0
0 −1

]
(40)

————————————
Pauli matrix σ2 = σy

Y =

[
0 −i
i 0

]
(41)

⇒ 0 = c(λy) = |Y − λyI| =
∣∣∣∣−λy −i
i −λy

∣∣∣∣ = λ2y − 1 (42)

∴ λy = ±1 (43)

If λy,1 = 1, its eigenvector |vy,1〉 is:

⇒ Y − λy,1I =

[
−1 −i
i −1

]
(44)

⇒
[
−1 −i
i −1

] [
ay,1
ay,2

]
=

[
0
0

]
(45)

⇒ |vy,1〉 =
1√
2

[
1
i

]
(46)
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If λy,2 = −1, its eigenvector |vy,2〉 is:

⇒ Y − λy,2I =

[
1 −i
i 1

]
(47)

⇒
[
1 −i
i 1

] [
by,1
by,2

]
=

[
0
0

]
(48)

⇒ |vy,2〉 =
1√
2

[
1
−i

]
(49)

The matrix representation in the basis of the eigenvectors for this operator,
is just a diagonal matrix with entries equal to the eigenvalues:

⇒ Ydiag =

[
1 0
0 −1

]
(50)

————————————
Pauli matrix σ3 = σz

Z =

[
1 0
0 −1

]
(51)

⇒ 0 = c(λz) = |Z − λzI| =
∣∣∣∣1− λz 0

0 −1− λz

∣∣∣∣ (52)

= (1− λz)(−1− λz) = λ2z − 1 (53)

∴ λz = ±1 (54)

If λz,1 = 1, its eigenvector |vz,1〉 is:

⇒ Z − λz,1I =

[
0 0
0 −2

]
(55)

⇒
[
0 0
0 −2

] [
az,1
az,2

]
=

[
0
0

]
(56)

⇒ |vz,1〉 =
1√
2

[
az,1

0

]
(57)

7



If λz,2 = −1, its eigenvector |vz,2〉 is:

⇒ Z − λz,2I =

[
2 0
0 0

]
(58)

⇒
[
2 0
0 0

] [
bz,1
bz,2

]
=

[
0
0

]
(59)

⇒ |vz,2〉 =
1√
2

[
0
bz,2

]
(60)

The matrix representation in the basis of the eigenvectors for this operator,
is just a diagonal matrix with entries equal to the eigenvalues:

⇒ Zdiag =

[
1 0
0 −1

]
(61)

2.12
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