
1 Chapter 1 Solutions

1.1 Probabilistic classical algorithm
It is already shown that a deterministic classical computer would require

2n/2 + 1 queries.
Instead, if we use a probabilistic classical computer i.e, f(x) is evaluated

for randomly chosen x. With just one execution, we cannot determine whether
f(x) is a constant or a balanced function (atleast not with probability of error
ϵ < 1/2). If the second evaluation gives a different result than first, we can say
with certainity that f(x) is a balanced function. In the other case, the probaility
that we get same result twice in a row if the function was balanced would be

1/2 for the first evaluation times 2n/2−1
2n−1 for the second which is less than 1/2

if:

1

2
× 2n/2− 1

2n − 1
<

1

2

2n − 2 < 2(2n − 1)

2n < 2n+1

n < n+ 1

(1)

which is always true for all positive integer n . So if we get same evaluation
twice, we can say that f(x) is a constant function with a probability of error
ϵ < 1/2. Therefore, the best classical algorithm (probabilistic) will require 2
evaluations, irrespective of size of the input.

1.2 Explain how a device.
If a device, upon input of one of two non-orthogonal quantum states correctly
identified the state, without collapsing. We can perform certain unitary trans-
formation on an extra quantum state to create either of the quantum states,
since we know its coefficients. Thus creating a clone of the input quantum state.

Conversely, if we have a device for cloning, we can in principle, generate mul-
tiple copies of the unknown quantum states and perform ensemble measurement
to find it’s coefficients (hidden information - not accessible in single measure-
ment) with enough precision to identify/distinguish them.

P1.1 Feynman-Gates Conversation

Bill Gates: Hi Richard, it’s great to have the opportunity to chat with you
about the future of computation
.

Richard Feynman: Hello Bill, it’s an honor to be having this discussion
with you. I’m excited to hear your thoughts on where you see technology head-
ing in the near future.
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Bill Gates: Well, I believe that we’re on the cusp of a major breakthrough
in artificial intelligence. We’ve already seen some incredible advancements in
machine learning and natural language processing, but I think we’re still only
scratching the surface of what’s possible. I believe that AI will become more
and more integrated into our daily lives, and we’ll see it being used in a wide
variety of industries, from healthcare to transportation.

Richard Feynman: That’s certainly an interesting perspective. I’m par-
ticularly intrigued by the potential of AI to revolutionize the field of medicine.
With the ability to process vast amounts of data, AI has the potential to help
us better understand and treat diseases, as well as improve patient outcomes.

Bill Gates: Absolutely. I think that AI will be particularly useful in the
field of personalized medicine. By analyzing a patient’s genetic data and med-
ical history, AI will be able to help doctors make more accurate diagnoses and
develop more effective treatment plans.

Richard Feynman: I also see great potential for AI in the field of quantum
computing. As you know, traditional computing is based on binary digits (bits)
which can be either 0 or 1. However, quantum computing uses quantum bits,
or qubits, which can exist in multiple states simultaneously. This could poten-
tially allow us to solve problems that are currently intractable using traditional
computing methods.

Bill Gates: Yes, I agree. Quantum computing is still in its infancy, but I
believe that we’ll see some major breakthroughs in the near future. It has the
potential to revolutionize fields like cryptography and drug discovery.

Richard Feynman: Another area where I think we’ll see major advance-
ments is in the field of robotics. With the development of more advanced sensors
and machine learning algorithms, robots will be able to perform tasks that are
currently too dangerous or difficult for humans.

Bill Gates: I agree. I think that we’ll see robots becoming more and more
integrated into our daily lives. For example, they could be used in manufactur-
ing, construction, and even in our homes to assist with tasks like cleaning and
cooking.

Richard Feynman: I also think that we’ll see a lot of progress in the field
of virtual reality and augmented reality. These technologies have the potential
to change the way we interact with the world, and I believe that we’ll see them
being used in fields like education, entertainment, and even therapy.

Bill Gates: Yes, I think that VR and AR will have a huge impact on the
way we experience the world. They’ll allow us to explore new environments and
interact with other people in ways that we never thought possible.
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Richard Feynman: I think that technology is going to continue to change
the world in ways that we can’t even imagine. It’s exciting to be alive during
such a transformative time, and I look forward to seeing all of the advancements
that are yet to come.

Bill Gates: I couldn’t agree more. It’s an exciting time to be alive, and
I can’t wait to see what the future holds for technology. Thank you for the
interesting discussion, Richard.

Richard Feynman: Thank you, Bill. It was a pleasure to have this con-
versation with you

P1.2 Essay

Quantum computation and quantum information are relatively new fields of
study that have the potential to revolutionize the way we think about and use
computers. One of the most significant discoveries in these fields is the concept
of quantum entanglement.

Quantum entanglement is a phenomenon where two or more quantum par-
ticles become linked in such a way that the state of one particle is dependent
on the state of the other particle, even when the particles are separated by
large distances. This means that if something happens to one particle, it will
instantaneously affect the other particle, regardless of how far apart they are.

This strange behavior was first proposed by Albert Einstein, Boris Podolsky,
and Nathan Rosen in 1935, but it was not until the 1980s that scientists were able
to experimentally demonstrate quantum entanglement. Since then, scientists
have been working to understand and harness the power of entanglement for
use in quantum computing and quantum communication.

One of the most interesting applications of quantum entanglement is in quan-
tum teleportation. This process, first proposed by physicist Charles Bennett in
1993, allows for the instant transfer of quantum information from one particle
to another, without physically moving the particle. This is made possible by
the phenomenon of entanglement, as the two particles become linked and can
share information instantaneously.

Quantum teleportation has been demonstrated in a number of experiments,
and it has the potential to revolutionize the way we think about communication.
Instead of physically sending a particle or a piece of information, we could simply
transfer the information instantaneously using entanglement. This could have a
huge impact on fields like cryptography, as it would make it possible to transmit
information securely and instantly, without the need for a physical connection.

Another potential application of entanglement is in quantum computing. In
a classical computer, information is stored in bits, which can be either 0 or
1. However, in a quantum computer, information is stored in qubits, which
can exist in multiple states simultaneously. This allows for the simultaneous

3



processing of multiple pieces of information, which could greatly speed up the
time it takes to solve certain problems.

One of the most promising applications of quantum computing is in the
field of cryptography. A quantum computer could be used to break today’s
encryption codes very fast and efficiently, making it a powerful tool in code
breaking.

In conclusion, quantum entanglement is a fascinating phenomenon that has
the potential to revolutionize the way we think about and use technology. From
instant communication to quantum computing, the possibilities are truly end-
less. While there is still much research to be done in this field, it’s clear that
quantum entanglement will be an essential part of the future of technology.
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2 Chapter 2 solutions

2.1 A set of vectors are linearly dependent if
∑
i ai |v⟩i = 0, where ai are

complex numbers not all zero, and |v⟩i are the vectors. Otherwise they are
linearly independent. For the given set of vectors we can see that (1,−1) +
(1, 2)− (2, 1) = 0. Thus they are linearly dependent.

2.2 Here we have a linear operator A such that A |0⟩ = |1⟩, and A |1⟩ = |0⟩.
From equation 2.12 of Nielsen & Chuang we see that the matrix representation
of a linear operator A : V →W is given by

A |vj⟩ =
∑
i

Aij |wi⟩ , (2)

where {|vj⟩} is a basis for V , {|w⟩i} is a basis for W , and the Aij are the
elements of the matrix representing the operator A. Here we have W = V .
Then we can write

A |0⟩ = |1⟩ = 0 |0⟩+ 1 |1⟩ ,
A |1⟩ = |0⟩ = 1 |0⟩+ 0 |1⟩ .

(3)

Thus we have A00 = 0, A01 = 1, A10 = 1, A11 = 0, which means that the matrix
representation of A with respect to the input basis {|0⟩ , |1⟩}, and output basis
{|0⟩ , |1⟩} is

A ≡
[
0 1
1 0

]
. (4)

We can have a different matrix representation of the operator A, by choosing
a different input and output bases. We will use the basis {|+⟩ , |−⟩} as both the
input and output bases. Here

|±⟩ = 1√
2
(|0⟩ ± |1⟩). (5)

Then the action of A on this basis is given by

A |±⟩ = 1√
2
(A |0⟩ ±A |1⟩) = 1√

2
(|1⟩ ± |0⟩) = ± |±⟩ . (6)

Thus A converts |+⟩ to |+⟩, and |−⟩ to − |−⟩. Again using equation 2.12 from
Nielsen & Chuang, we can write this as

A |+⟩ = |+⟩ = 1 |+⟩+ 0 |−⟩ ,
A |−⟩ = − |−⟩ = 0 |+⟩ − 1 |−⟩ .

(7)

Thus we have A++ = −A−− = 1, and A+− = A−+ = 0. Thus the matrix
representing A with respect to this choice of input and output bases is

A ≡
[
1 0
0 −1

]
. (8)

The operator A is nothing but the operator corresponding to the Pauli matrix
X.
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2.3 A is a linear operator from V to W , and B is a linear operator from W
to X, where V,W,X are vector spaces. Then from equation 2.12 of Nielsen &
Chuang we have:

A |vi⟩ =
∑
j

Aji |wj⟩ , (9)

B |wj⟩ =
∑
k

Bkj |xk⟩ , (10)

where {|vi⟩}, {|wj⟩}, and {|xk⟩} are the bases for V , W , X, respectively, and
Aji, and Bkj are the elements of the matrices representing A, B, respectively,
in these bases. Then we can write the linear transformation BA : V → X as

BA |vj⟩ = B(A |vj⟩)

= B

(∑
ji

Aji |wj⟩
)

=
∑
j

Aji(B |wj⟩)

=
∑
j

Aji
∑
k

Bkj |xk⟩

=
∑
kj

BkjAji |xk⟩

=
∑
k

(BA)ki |xk⟩ , (11)

where in the third line we used the linearity of B, and in the last line we used
the definition of matrix multiplication. The complex numbers (BA)ki are the
elements of the matrix corresponding to the operator BA. Thus the matrix
representation of BA is the product of the matrix representations of B, and A.

2.4 The identity operator is defined as I : V → V , such that I |v⟩ = |v⟩, where
|v⟩ is a vector in the vector space V . Let {|vi⟩} be a basis for V . Then

I |vi⟩ = |vi⟩ = 0
∑
j<i

|vj⟩+ 1 |vi⟩+ 0
∑
k>i

|vk⟩ . (12)

This is possible because a basis is always linearly independent. Thus Iij = 1
if i = j and Iij = 0 if i ̸= j. Thus the matrix corresponding to the identity
operator is

I ≡

1 . . .

1

 , (13)

where the missing elements are all 0.
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2.5 A function (·, ·) : V ×V → C is an inner product if it satisfies the require-
ments that:

1. (·, ·) is linear in the second argument,

2. (|v⟩ , |w⟩) = (|w⟩ , |v⟩)∗,

3. (|v⟩ , |v⟩) ≥ 0 with equality if and only if |v⟩ = 0.

This is the definition of inner product given in Nielsen and Chuang. The claim
is the function (·, ·) : Cn → C defined by

((y1, . . . , yn), (z1, . . . , zn)) ≡
∑
i

y∗i zi = [y∗1 . . . y
∗
n]

z1...
zn

 , (14)

is an inner product. To verify this claim we need to check if it satisfies all the
conditions of being an inner product.

Linearity in the second argument. Let the second argument be
∑
i λi(zi1, . . . , zin).

Then from the definition we have

((y1, . . . , yn),
∑
i

λi(zi1, . . . , zin)) =
∑
j

y∗j

(∑
i

λizij

)
=
∑
ij

λiy
∗
j zij

=
∑
i

λi

(∑
j

y∗j zij

)
=
∑
i

λi((y1, . . . , yn), (zi1, . . . , zin)). (15)

Conjugate symmetry. We can check this by using the symmetry and linearity
of complex number conjugation:

((y1, . . . , yn), (z1, . . . , zn)) =
∑
i

y∗i zi

=
∑
i

(z∗i yi)
∗

=

(∑
i

z∗i yi

)∗

= ((z1, . . . , zn), (y1, . . . , yn)). (16)

Positive semi-definite. This is happens because z∗z = |z|2:

((y1, . . . , yn), (y1, . . . , yn)) =
∑
i

y∗i yi =
∑
i

|yi|2, (17)

where |yi|2 ≥ 0 with equality if and only if yi = 0.
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2.8

2.9 The identity Pauli matrix is given by,

σ0 ≡ I ≡
[
1 0
0 1

]
(18)

And must fulfill that Î |1⟩ = |1⟩ and Î |0⟩ = |0⟩
Then we can express the operator Î as follows;

⇒ Î = |0⟩ ⟨0|+ |1⟩ ⟨1| (19)

Now let’s see for the remaining Pauli operators. In general, when we have
an operator represented as matrix:

A =

(⟨0| ⟨1|
α β |0⟩
γ δ |1⟩

)
(20)

⇒ A = α |0⟩ ⟨0|+ β |0⟩ ⟨1|+ γ |1⟩ ⟨0|+ δ |1⟩ ⟨1| (21)

Therefore,

σ1 ≡ σx ≡ X ≡
[
0 1
1 0

]
⇒ X̂ = |0⟩ ⟨1|+ |1⟩ ⟨0| (22)

σ2 ≡ σy ≡ Y ≡
[
0 −i
i 0

]
⇒ Ŷ = i |1⟩ ⟨0| − i |0⟩ ⟨1| (23)

σ3 ≡ σz ≡ Z ≡
[
1 0
0 −1

]
⇒ Ẑ = |0⟩ ⟨0| − |1⟩ ⟨1| (24)

2.10 We are looking for the matrix representation of the operator |vj⟩ ⟨vk|,
then,
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|vj⟩ ⟨vk| = Iv |vj⟩ ⟨vk| Iv (25)

=

(∑
p

|vp⟩ ⟨vp|

)
|vj⟩ ⟨vk|

(∑
q

|vq⟩ ⟨vq|

)
(26)

=
∑
p,q

|vp⟩ ⟨vp|vj⟩ ⟨vk|vq⟩ ⟨vq| (27)

=
∑
p,q

|vp⟩ δp,jδk,q ⟨vq| (28)

=
∑
p,q

δp,jδk,q︸ ︷︷ ︸
Apq

|vp⟩ ⟨vq| (29)

(30)

Where the array element Apq, with column q and row p,

Apq = (|vj⟩ ⟨vk|)pq = δp,jδk,q (31)

2.11 Pauli matrix σ1 = σx

X =

[
0 1
1 0

]
(32)

⇒ 0 = c(λx) = |X − λxI| =
∣∣∣∣−λx 1

1 −λx

∣∣∣∣ = λ2x − 1 (33)

∴ λx = ±1 (34)

If λx,1 = 1, its eigenvector |vx,1⟩ is:

⇒ X − λx,1I =

[
−1 1
1 −1

]
(35)

⇒
[
−1 1
1 −1

] [
ax,1
ax,2

]
=

[
0
0

]
(36)

⇒ |vx,1⟩ =
1√
2

[
1
1

]
(37)
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If λx,2 = −1, its eigenvector |vx,2⟩ is:

⇒ X − λx,2I =

[
1 1
1 1

]
(38)

⇒
[
1 1
1 1

] [
bx,1
bx,2

]
=

[
0
0

]
(39)

⇒ |vx,2⟩ =
1√
2

[
−1
1

]
(40)

Note that the matrix representation of this in the basis of the eigenvectors
for a particular operator, is just a diagonal matrix with entries equal to the
eigenvalues:

⇒ Xdiag =

[
1 0
0 −1

]
(41)

————————————
Pauli matrix σ2 = σy

Y =

[
0 −i
i 0

]
(42)

⇒ 0 = c(λy) = |Y − λyI| =
∣∣∣∣−λy −i
i −λy

∣∣∣∣ = λ2y − 1 (43)

∴ λy = ±1 (44)

If λy,1 = 1, its eigenvector |vy,1⟩ is:

⇒ Y − λy,1I =

[
−1 −i
i −1

]
(45)

⇒
[
−1 −i
i −1

] [
ay,1
ay,2

]
=

[
0
0

]
(46)

⇒ |vy,1⟩ =
1√
2

[
1
i

]
(47)
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If λy,2 = −1, its eigenvector |vy,2⟩ is:

⇒ Y − λy,2I =

[
1 −i
i 1

]
(48)

⇒
[
1 −i
i 1

] [
by,1
by,2

]
=

[
0
0

]
(49)

⇒ |vy,2⟩ =
1√
2

[
1
−i

]
(50)

The matrix representation in the basis of the eigenvectors for this operator,
is just a diagonal matrix with entries equal to the eigenvalues:

⇒ Ydiag =

[
1 0
0 −1

]
(51)

————————————
Pauli matrix σ3 = σz

Z =

[
1 0
0 −1

]
(52)

⇒ 0 = c(λz) = |Z − λzI| =
∣∣∣∣1− λz 0

0 −1− λz

∣∣∣∣ (53)

= (1− λz)(−1− λz) = λ2z − 1 (54)

∴ λz = ±1 (55)

If λz,1 = 1, its eigenvector |vz,1⟩ is:

⇒ Z − λz,1I =

[
0 0
0 −2

]
(56)

⇒
[
0 0
0 −2

] [
az,1
az,2

]
=

[
0
0

]
(57)

⇒ |vz,1⟩ =
1√
2

[
az,1
0

]
(58)
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If λz,2 = −1, its eigenvector |vz,2⟩ is:

⇒ Z − λz,2I =

[
2 0
0 0

]
(59)

⇒
[
2 0
0 0

] [
bz,1
bz,2

]
=

[
0
0

]
(60)

⇒ |vz,2⟩ =
1√
2

[
0
bz,2

]
(61)

The matrix representation in the basis of the eigenvectors for this operator,
is just a diagonal matrix with entries equal to the eigenvalues:

⇒ Zdiag =

[
1 0
0 −1

]
(62)

2.12

2.19 Pauli Matrices are unitary and Hermitian
We know the first Pauli matrix is the identity matrix, which is by definition
unitary and hermitian:

σ†
0 =

[
1 0
0 1

]
= σ0 (63)

So, we have :

σ†
0σ0 =

[
1 0
0 1

] [
1 0
0 1

]
=

[
1 0
0 1

]
= I (64)

Similarly for the other Pauli Matrices, we have

σ†
1 =

[
0 1
1 0

]
= σ1 (65)

So, we have :

σ†
1σ1 =

[
0 1
1 0

] [
0 1
1 0

]
=

[
1 0
0 1

]
= I (66)

For σ2 , we have:
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σ†
2 =

[
0 −i
i 0

]
= σ2 (67)

So, we have :

σ†
2σ2 =

[
0 −i
i 0

] [
0 −i
i 0

]
=

[
1 0
0 1

]
= I (68)

For σ3:

σ†
3 =

[
1 0
0 −1

]
= σ3 (69)

So, we have :

σ†
3σ3 =

[
1 0
0 −1

] [
1 0
0 −1

]
=

[
1 0
0 1

]
= I (70)

Hence, all Pauli matrices are unitary and hermitian.

2.20 Basis Change
Given operator A, with two matrix representations A′ and A′′, on a vec-

tor space V with two different orthonormal basis, |vi⟩ and |wi⟩. The relation
between them:

A′
ij = ⟨vi|A|vj⟩

=⇒
∑
k

⟨vi|wk⟩⟨wk|A|vj⟩

=⇒
∑
k,l

⟨vi|wk⟩⟨wk|A|wl⟩⟨wl|vj⟩

=⇒
∑
k,l

⟨vi|U |vk⟩⟨wk|A|wl⟩⟨vl|U†|vj⟩

=⇒
∑
k,l

UikA
′′

klU
†
lj

where U ≡
∑
m |wm⟩⟨vm|
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2.21 Spectral Decomposition

The spectral decomposition is an extremely useful representation theorem
for normal operators. It states: Any normal operator M on a vector space
V is diagonal with respect to some orthonormal basis for V . Conversely, any
diagonalizable operator is normal.

We will solve this my the method of induction. We’ll assume the n = 1 case
is trivial. Now, let λ be an eigenvalue of M , P is the projector on to the λ
eigenspace, and Q the projector onto the orthogonal component. Then,

M = (P +Q)M(P +Q)

M = PMP +QMP + PMQ+QMQ

Now, obviously PMP = λP,QMP = 0, since M takes the P subspace onto
itself.

Furthermore, we can take the Hermitian conjugate of both sides to show
that:

0 = (QMP )† = PMQ

Showing that QMQ is normal is trivial, since QMQ = (QMQ)†. Since
PMP is diagonal with respect to some vector space, and QMQ is normal , and
thus diagonal with respect to another orthogonal vector space, PMP +QMQ
is diagonal with respect to some orthonormal basis for the total vector space.

Alternatively
Suppose M be hermitian. Then M =M†

M = IMI

M + (P +Q)M(P +Q)

M = PMP +QMP + PMQ+QMQ

Now, PMP = λP , QMP = 0, PMQ = PM†Q = (QMP )∗ = 0. Thus
M = PMP +QMQ

Now, we need to prove QMQ is normal.

QMQ(QMQ)† = QMQQM†Q

=⇒ QM†QQMQ

=⇒ (QM†Q)QMQ

Therefore QMQ is normal. By induction, QMQ is diagonal.
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2.22 Two Eigenvectors of a Hermitian operator with different eigen-
values are necessarily orthogonal

Let us assume M be the hermitian operator and |vi⟩ are the eigenvectors of
M with eigenvalues λi. Then

⟨vi|M |vj⟩ = λj⟨vi|vj⟩

, Similarly

⟨vi|M |vj⟩ = ⟨vi|M†|vj⟩ = ⟨vj |M |vi⟩∗ = λ∗i ⟨vj |vi⟩∗ = λ∗i ⟨vi|vj⟩ = λi⟨vj |vi⟩

Thus,
(λi − λj)⟨vi|vj⟩ = 0

If λi ̸= λj , then ⟨vi|vj⟩ = 0

2.23 Show that the eigenvalues of a projector P are all either 0 or 1

Let us assume P is the projector and |λ⟩ are the eigenvectors of the projector,
with eigen values λ. Since its a projector operator P 2 = P

P |λ⟩ = λ|λ⟩ and P |λ⟩ = P 2|λ⟩ = λP |λ⟩ = λ2|λ⟩

Therefore,
λ = λ2

λ(λ− 1) = 0

λ = 0 or 1

2.24 Hermiticity of positive operators
Suppose A be a positive operator, A can be decomposed as:

A =
A+A†

2
+ ι

A−A†

2i

= B + ιC where B =
A+A†

2
, C =

A−A†

2i

Now the operators B and C are hermitian.

⟨v|A|v⟩ = ⟨v|B = ιC|v⟩

=⇒ = ⟨v|B|v⟩+ ι⟨v|C|v⟩

=⇒ = α+ ιβ where α = ⟨v|B|v⟩, β = ⟨v|C|v⟩

Since B and C are hermitian, α, β ∈ R. From definition of positive operator
, β should be vanished because ⟨v|A|v⟩ is real. Hence β = ⟨v|C|⟩ = 0 for all |v⟩,
i.e C = 0.

Therefore A = A†.
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2.25 For any operator A, A†A is positive

⟨ψ|A†A|ψ⟩ = ||A|ψ⟩||2 ≥ 0∀|ψ⟩
Thus A†A is positive.

2.26 Tensor Product

Given |ψ⟩ = (|0⟩+|1⟩)√
2

, We need to find the tensor products, i.e:

|ψ⟩⊗2 =
1√
2
(|0⟩+ |1⟩)⊗ 1√

2
(|0⟩+ |1⟩)

=
1

2
(|00⟩+ |01⟩+ |10⟩+ |11⟩)

=
1

2


1
1
1
1


Similarly for |ψ⟩⊗3:

|ψ⟩⊗3 =
1√
2
(|0⟩+ |1⟩)⊗ 1√

2
(|0⟩+ |1⟩)⊗ 1√

2
(|0⟩+ |1⟩)

=
1

2
√
2
(|000⟩+ |001⟩+ |010⟩+ |011⟩+ |100⟩+ |101⟩+ |110⟩+ |111⟩)

=
1

2
√
2



1
1
1
1
1
1
1
1


2.27 Matrix representation of the tensor products of the Pauli op-
erators

X ⊗ Z =

[
0 1
1 0

]
⊗
[
1 0
0 −1

]

=


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0


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Similarly,

I ⊗X =

[
1 0
0 1

]
⊗
[
0 1
1 0

]

=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


and, so for

X ⊗ I =

[
0 1
1 0

]
⊗
[
1 0
0 1

]

=


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


In general, the tensor product is not commutable.

2.28 Show that the transpose, complex conjugation, and adjoint op-
erations distribute over the tensor product

(A⊗B)∗ =


A11B ... A1nB
. . .
. . .
. . .

Am1B ... AmnB


∗

=


A∗

11B
∗ ... A∗

1nB
∗

. . .

. . .

. . .
A∗
m1B

∗ ... A∗
mnB

∗


= A∗ ⊗B∗

Now, for (A⊗B)T

(A⊗B)T =


A11B ... A1nB
. . .
. . .
. . .

Am1B ... AmnB


T

17



=


A11B

T ... Am1B
T

. . .

. . .

. . .
A1nB

T ... AmnB
T



=


A11B

T ... A1mB
T

. . .

. . .

. . .
An1B

T ... AnmB
T


= AT ⊗BT

and for (A⊗B)†

(A⊗B)† = ((A⊗B)∗)T

= (A∗ ⊗B∗)T

= (A∗)T ⊗ (B∗)T

A† ⊗B†

2.29 Tensor product of two unitary operators is unitary.
Suppose U1 and U2 are unitary operators. Then

(U1 ⊗ U2)(U1 ⊗ U2)
† = U1U

†
1 ⊗ U2U

†
2

= I ⊗ I

In a similar way:
(U1 ⊗ U2)

†(U1 ⊗ U2) = I ⊗ I

2.30 Tensor product of two Hermitian operators is Hermitian
Suppose A and B are Hermitian operators. Then

(A⊗B)† = A† ⊗B† = A⊗B

Thus we can say that A⊗B is Hermitian.

2.31 Tensor product of two positive operators is positive.
Suppose A and B are two positive operators. Then

⟨ψ| ⊗ ⟨ψ|(A⊗B)|ψ⟩ ⊗ |ϕ⟩ = ⟨ψ|A|ψ⟩⟨ϕ|B|ϕ⟩

Since A and B are positive operators, we have ⟨ψ|A|ψ⟩ ≥ 0 and ⟨ϕ|B|ϕ⟩ ≥
0∀|ψ⟩, |ϕ⟩. Then their product will also be greater than zero i.e ⟨ψ|A|ψ⟩⟨ϕ|B|ϕ⟩ ≥
0. Thus A⊗B is positive if A and B are positive.
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2.32 Tensor product of two projectors is a projector

Suppose P1 and P2 are projectors. Then

(P1 ⊗ P2)
2 = P 2

1 ⊗ P 2
2

= P1 ⊗ P2

Thus P1 ⊗ P2 is also a projector.

2.33 Hadamard operator on one qubit may be written as

H =
1√
2

[
1 1
1 −1

]

H⊗2 =
1√
2

[
1 1
1 −1

]
⊗ 1√

2

[
1 1
1 −1

]
=

1

2


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


2.34 Square Root and Log of a Matrix

Given A =

[
4 3
3 4

]
We need to find the eigen values and the eigen vectors, i.e

det (A− λI) = (4− λ)2 − 32

= λ2 − 8λ+ 7

(λ− 1)(λ− 7)

The eigenvalues for the A matrix are λ = 1, 7. Corresponding eigenvectors
are :

|λ = 1⟩ = 1√
2

[
1
−1

]
and |λ = 7⟩ = 1√

2

[
1
1

]
Thus the A matrix can be written as :

A = 1|λ = 1⟩⟨λ = 1|+ 7|λ = 7⟩⟨λ = 7|

Now, it’s easier to apply the operations, hence:

√
A =

√
1|λ = 1⟩⟨λ = 1|+

√
7|λ = 7⟩⟨λ = 7|

=
1

2

[
1 −1
−1 1

]
+

√
7

2

[
1 1
1 1

]

=
1

2

[
1 +

√
7 −1 +

√
7

−1 +
√
7 1 +

√
7

]
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Similarly for logarithm,

log(A) = log(1)⟩⟨λ = 1|+ log(7)|λ = 7⟩⟨λ = 7|

=
log(7)

2

[
1 1
1 1

]
2.35 Exponent of Pauli Matrices

We know :

v⃗ · σ⃗ =

3∑
i=1

viσi

where σi is the i
th Pauli Matrix.

= v1

[
0 1
1 0

]
+ v2

[
0 −ι
ι 0

]
+ v3

[
1 0
0 −1

]

=

[
v3 v1 − ιv2

v1 + ιv2 −v3

]
Now, for the eigen values:

det (v⃗ · σ⃗ − λI) = (v3 − λ)(−v3λ)− (v1 − ιv2)(v1 + ιv2)

λ2 − (v21 + v22 + v23)

= λ2 − 1 ( Since |v⃗| = 1)

Eigenvalues are λ = ±1. We let the eigenvectors be |λ±1⟩ with the eigen
values ±1.

We know that v⃗ · σ⃗ is Hermitian, and hence diagonalizable. Then

v⃗ · σ⃗ = |λ1⟩⟨λ1| − |λ−1⟩⟨λ−1|

Thus:
exp ιθv⃗ · σ⃗ = exp ιθ|λ1⟩⟨λ1|+ exp−ιθ|λ−1⟩⟨λ−1|

= (cos θ + ι sin θ)|λ1⟩⟨λ1|+ (cos θ − ι sin θ)|λ−1⟩⟨λ−1|

= cos θ|λ1⟩⟨λ1|+ |λ−1⟩⟨λ−1|+ ι sin θ|λ1⟩⟨λ1| − |λ−1⟩⟨λ−1|

= cos θI + ι sin θv⃗ · σ⃗

Since v⃗ · σ⃗ is Hermitian, |λ1⟩ and |λ−1⟩ are orthogonal. Thus

|λ1⟩⟨λ1|+ |λ−1⟩⟨λ−1| = I
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2.36 Pauli Matrices except I has a trace 0
For σ1:

Tr(σ1) = Tr

([
0 1
1 0

])
= 0

For σ2

Tr(σ2) = Tr

([
0 −ι
ι 0

])
= 0

For σ3

Tr(σ3) = Tr

([
1 0
0 −1

])
= 0

2.37 Cyclic Properties of Trace

Tr(AB) =
∑
i

⟨i|AB|i⟩

=
∑
i

⟨i|AIB|i⟩

=
∑
i

⟨i|A|j⟩⟨j|B|i⟩

=
∑
i

⟨j|B|i⟩⟨i|A|j⟩

=
∑
j

⟨j|BA|j⟩

Tr(BA)

2.38 Linearity of Trace

Tr(A+B) =
∑
i

⟨i|A+B|i⟩

=
∑
i

⟨i|A|i⟩+ ⟨i|B|i⟩

=
∑
i

⟨i|A|i⟩+
∑
i

⟨i|B|i⟩

= Tr(A) + Tr(B)

Tr(zA) =
∑
i

⟨i|zA|i⟩

∑
i

z⟨i|A|i⟩
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= z
∑
i

⟨i|A|i⟩

= zTr(A)

2.39 Hilbert-Schmidt Inner Product on Operators

We have to show
(A,B) = Tr(A†B)

(
A,
∑
i

λiBi

)
= Tr

[
A†
(∑

i

iBi

)]
= Tr(A†λ1B1) + ...+Tr(A†λnBn)

λ1Tr(A
†B1) + ..+ λnTr(A

†Bn)

∑
i

λiTr(A
†Bi)

and for

(A,B)∗ =

(
Tr(A†B)

)∗

=

(∑
i,j

⟨i|A†|j⟩⟨j|B|i⟩
)∗

=
∑
i,j

⟨i|A†|j⟩∗⟨j|B|i⟩∗

=
∑
i,j

⟨j|B|i⟩∗⟨i|A†|j⟩∗

=
∑
i,j

⟨i|B†|j⟩⟨j|A|i⟩

=
∑
i,j

⟨i|B†A|i⟩

Tr(B†A)

= (B,A)

and,
(A,A) = Tr(A†A)

=
∑
i

⟨i|A†A|i⟩

22



Since A†A is positive, ⟨i|A†A|i⟩ ≥ 0 ∀ |i⟩ Let ai be the ith column of A. If
⟨i|A†A|i⟩ = 0, then

⟨i|A†A|i⟩ = a†iai = ||ai||2 = 0 iff ai = 0

Therefor (A,A) = 0 iff A = 0
ii). A linear transformation T :; V → V where dim (V ) = d can be repre-

sented as a d× d matrix. Since there are d× d = d2 matrices that are linearly
independent, the dimension of LV is d2.

2.40 Commutation relation for the Pauli Matrices
We have

[X,Y ] = XY − Y X

[X,Y ] =

[
0 1
1 0

] [
0 −ι
ι 0

]
−
[
0 −ι
ι 0

] [
0 1
1 0

]
=

[
ι 0
0 −ι

]
−
[
−ι 0
0 ι

]

=

[
2ι 0
0 −2ι

]
= 2ιZ

[Y, Z] =

[
0 −ι
ι 0

] [
1 0
0 −1

]
−
[
1 0
0 −1

] [
0 −ι
ι 0

]

=

[
0 2ι
2ι 0

]
= 2ιX

Similarly,

[Z,X] =

[
1 0
0 −1

] [
0 1
1 0

]
−
[
0 1
1 0

] [
1 0
0 −1

]

= 2ι

[
0 −ι
ι 0

]
= 2ιY
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2.41 Anti-Commutation relation for the Pauli Matrices

We have
{σ1, σ2} = σ1σ2 + σ2σ1

=

[
0 1
1 0

] [
0 −ι
ι 0

]
+

[
0 −ι
ι 0

] [
0 1
1 0

]
=

[
ι 0
0 −ι

]
+

[
−ι 0
0 ι

]
= 0

Similarly,

{σ2, σ3} ==

[
0 −ι
ι 0

] [
1 0
0 −1

]
−
[
1 0
0 −1

] [
0 −ι
ι 0

]

= 0

and,

{σ3, σ1} ==

[
1 0
0 −1

] [
0 1
1 0

]
−
[
0 1
1 0

] [
1 0
0 −1

]
= 0

and, we have
σ2
0 = I2 = I

σ2
1 =

[
0 1
1 0

]2
= I

σ2
2 =

[
0 −i
i 0

]2
= I

σ2
3 =

[
1 0
0 −1

]2
= I

2.42 verify

[A,B] + {A,B}
2

=
AB −BA+AB +BA

2
= AB
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2.43 Show σjσk

We know that {σj , σk} = 2δjkI using that

σjσk =
[σj , σk] + {σj , σk}

2

=
2ι
∑3
i=1 ϵjklσl + 2δjkI

2

δjkI + ι

3∑
l=1

ϵjklσl

2.44 B must be zero

By Assumption, [A,B] = 0 and {A,B} = 0, then AB = 0. Since A is
invertible, multiply by A−1 from left,then

A−1AB = 0

IB = 0

B = 0

2.45 Verify

[A,B]† = (AB −BA)†

= B†A† −A†B†

= [B†, A†]

2.46 Verify

[A,B] = AB −BA

= −(BA−AB)

= −[B,A]
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2.47 Verify

(ι[A,B])† = ι[A,B]†

= ι[B†, A†]

−ι[B,A]

= ι[A,B]

2.48 Polar decomposition of P , U and H
Since P is positive, it is diagonalizable. Then P =

∑
i λi|i⟩⟨i|, where λi ≥ 0

J =
√
P †P =

√
PP =

√
P 2 =

∑
i

√
λ2i |i⟩⟨i| =

∑
i

λi|i⟩⟨i| = P

Therefore polar decomposition of P is P = UP for all P . Thus U == I ,
then P = P

For the unitary U :
Suppose unitary U is decomposed by U = WJ where W is unitary and J is
positive, J =

√
U†U

J =
√
U†U =

√
I = I

Since unitary operators are invertible, W = UJ−1 = UI−1 = UI = U . Thus
the polar decompositions of U is U = U

For the Hermitian H:
Suppose H = UJ

J =
√
H†H =

√
HH =

√
H2

Thus H = U
√
H2

In general H ̸=
√
H2 From spectral decomposition, H =

∑
i λi|i⟩⟨i|, where

λi ∈ R

√
H2 =

√∑
i

λ2i |i⟩⟨i| =
∑
i

√
λ2i |i⟩⟨i| =

∑
i

|λi||i⟩⟨i| ≠ H

2.49 Polar decomposition of Normal Matrix

Normal matrix is diagonalizable, A =
∑
i λi|i⟩⟨i|

J =
√
A†A =

∑
i

|λi||i⟩⟨i|

U =
∑
i

|ei⟩⟨i|

A = UJ =
∑
i

|λi||ei⟩⟨i|
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2.50 Left and Right Polar Decomposition

We have A =

[
1 0
1 1

]
and so we have A†A =

[
2 1
1 1

]
Characteristic equation of A†A is det(A†A−λI)) = λ2 − 3λ+1 = 0. Eigen-

values of A†A are λ± = 3±
√
5

2 and the associated eigenvectors are |λ±⟩ =

1√
10∓2

√
5

[
2

−1±
√
5

]
A†A = λ+|λ+⟩⟨λ+|+ λ−|λ−⟩⟨λ−⟩⟨λ−|

J =
√
A†A =

√
λ+|λ+⟩⟨λ+|+

√
λ−|λ−⟩⟨λ−⟩⟨λ−|

Substituting all the values, you’ll get:

J−1 =
1√
λ+

|λ+⟩⟨λ+|+
1√
λ−

|λ−⟩⟨λ−|

Which gives us U = AJ−1

2.51 H is unitary

H†H =

(
1√
2

[
1 1
1 −1

])†(
1√
2

[
1 1
1 −1

])

=
1√
2

[
1 1
1 −1

]
1√
2

[
1 1
1 −1

]

=
1

2

[
2 0
0 2

]
= I

2.52 H2 is identity

H† =

(
1√
2

[
1 1
1 −1

])†

=
1√
2

[
1 1
1 −1

]
= H

Thus
H2 = I
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2.53 Eigen values and eigen vectors of H

We have det(H − λI) =

(
1√
2
− λ

)(
−1√
2
− λ

)
− 1

2

= λ2 − 1

2
− 1

2

= λ2 − 1

Eigenvalues are λ± = ±1 and associated eigenvectors are |λ± = 1√
4∓2

√
2

[
1

−1±
√
2

]

2.54 expA expB = expA+B
Since [A,B] = 0, A and B are simultaneously diagonlizable , A =

∑
i ai|i⟩⟨i|,

and B =
∑
i bi|i⟩⟨i|.

So,

expA expB =

(∑
i

exp ai|i⟩⟨i|
)(

exp bI |i⟩⟨i|

=
∑
i,j

exp ai + bj |i⟩⟨i|j⟩⟨j|

=
∑
i,j

exp ai + bj |i⟩⟨j|δi,j

=
∑
i

exp ai + bi|i⟩⟨i|

expA+B

2.55 U(t1, t2) is unitary

H =
∑
E

E|E⟩⟨E|

U(t2 − t1)U
†(t2 − t1) = exp

−ιH(t2 − t1)

ℏ
exp

ιH(t2 − t1)

ℏ

=
∑
E,E′

(
exp

−ιE(t2 − t1)

ℏ
|E⟩⟨E|

)(
exp

−ιE′(t2 − t1)

ℏ
|E′⟩⟨E′|

)

=
∑
E

exp 0|E⟩⟨E|

∑
E

|E⟩⟨E|

= I

Similarly , U†(t2 − t1)U(t2 − t1) = I
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2.56 Spectral Decomposition

U =
∑
i

λi|λi⟩⟨λi|

Now,

log(U) =
∑
j

log(λj)|λj⟩⟨λj | =
∑
j

ιθj |λj⟩⟨λj |

where θj = arg (λj)

K = ι log(U) =
∑
j

θj |λj⟩⟨λj |

K† = (ι logU)† =

(∑
j

θj |λj⟩⟨λj |
)†

=
∑
j

θj |λj⟩⟨λj | = K

2.57 Cascaded Measurements are single measurements
We have

|ϕ⟩ = Ll|ψ⟩√
⟨ψ|L†

lLl|ψ⟩

⟨ϕ|M†
mMm|ϕ⟩ =

⟨ψ|L†
lM

†
mMmLl|ψ⟩

⟨ψ|L†
lLl|ψ⟩

Mm|ϕ⟩√
⟨ϕ|M†

mMm|ϕ⟩
=

MmLl|ϕ⟩√
⟨ϕ|L†

lLl|ϕ⟩
=

√
⟨ψ|L†

lLl|ψ⟩√
⟨ψ|L†

lM
†
mMmLl|ψ⟩

=
MmLl|ψ⟩√

⟨ψ|L†
lM

†
mMmLl|ψ⟩

=
Nlm|ψ⟩√

⟨ψ|N†
lmNlm|ψ⟩

2.58 Average Observed value of M

⟨M⟩ = ⟨ψ|M |ψ⟩ = ⟨ψ|m|ψ⟩ = m⟨ψ|ψ⟩ = m

⟨M2⟩ = ⟨ψ|M2|ψ⟩ = ⟨ψ|m2|ψ⟩ = m2⟨ψ|ψ⟩ = m2

deviation = ⟨M2⟩ − ⟨M⟩2 = m2 −m2 = 0
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2.59 Average and Standard Deviation of X

⟨X⟩ = ⟨0|X|0⟩ = ⟨0|1⟩ = 0

⟨X2⟩ = ⟨0|X2|0⟩ = ⟨0|X|1⟩ = ⟨0|0⟩ = 1

standard deviation =
√
⟨X2⟩ − ⟨X⟩2 = 1

2.60

v⃗ · σ⃗ =

3∑
i=1

viσi

= v1

[
0 1
1 0

]
+ v2

[
0 −i
i 0

]
+ v3

[
1 0
0 −1

]
=

[
v3 v1 − iv2

v1 + iv2 −v3

]

det(v⃗ · σ⃗ − λI) = (v3 − λ)(−v3 − λ)− (v1 − iv2)(v1 + iv2)

= λ2 − (v21 + v22 + v23)

= λ2 − 1 (∵ |v⃗| = 1)

Eigenvalues are λ = ±1.
(i) if λ = 1

v⃗ · σ⃗ − λI = v⃗ · σ⃗ − I

=

[
v3 − 1 v1 − iv2
v1 + iv2 −v3 − 1

]

Normalized eigenvector is |λ1⟩ =
√

1+v3
2

[
1

1−v3
v1−iv2

]
.

λ1 =
1 + v3

2

[
1

1−v3
v1−iv2

] [
1 1−v3

v1+iv2

]
=

1 + v3
2

[
1 v1−iv2

1+v3
v1+iv2
1+v3

1−v3
1+v3

]
=

1

2

[
1 + v3 v1 − iv2
v1 + iv2 1− v3

]
=

1

2

(
I +

[
v3 v1 − iv2

v1 + iv2 −v3

])
=

1

2
(I + v⃗ · σ⃗)

(ii) If λ = −1.

v⃗ · σ⃗ − λI = v⃗ · σ⃗ + I

=

[
v3 + 1 v1 − iv2
v1 + iv2 −v3 + 1

]
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Normalized eigenvalue is |λ−1⟩ =
√

1−v3
2

[
1

− 1+v3
v1−iv2

]
.

|λ−1⟩ =
1− v3

2

[
1

− 1+v3
v1−iv2

] [
1 − 1+v3

v1+iv2

]
=

1− v3
2

[
1 −v1−iv2

1−v3
−v1+iv2

1−v3
1+v3
1−v3

]

=
1

2

[
1− v3 −(v1 − iv2)

−(v1 + iv2) 1 + v3

]
=

1

2

(
I −

[
v3 v1 − iv2

(v1 + iv2 −v3

])
=

1

2
(I−v⃗·σ⃗).

This proof has a defect. The case (v1, v2, v3) = (0, 0, 1), second component
of eigenstate, 1−v3

v1−iv2 , diverges. So I implicitly assume v1 − iv2 ̸= 0. Hence my
proof is incomplete.

Since the exercise doesn’t require explicit form of projector, we should prove
the problem more abstractly. In order to prove, we use the following properties
of v⃗ · σ⃗

• v⃗ · σ⃗ is Hermitian

• (v⃗ · σ⃗)2 = I where v⃗ is a real unit vector.

We can easily check above conditions.

(v⃗ · σ⃗)† = (v1σ1 + v2σ2 + v3σ3)
†

= v1σ
†
1 + v2σ

†
2 + v3σ

†
3

= v1σ1 + v2σ2 + v3σ3 (∵ Pauli matrices are Hermitian.)

= v⃗ · σ⃗

(v⃗ · σ⃗)2 =

3∑
j,k=1

(vjσj)(vkσk)

=

3∑
j,k=1

vjvkσjσk

=

3∑
j,k=1

vjvk

(
δjkI + i

3∑
l=1

ϵjklσl

)
(∵ eqn(2.78) page78)

=

3∑
j,k=1

vjvkδjkI + i

3∑
j,k,l=1

ϵjklvjvkσl

=

3∑
j=1

v2j I

= I

∵
∑
j

v2j = 1


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Suppose |λ⟩ is an eigenstate of v⃗ · σ⃗ with eigenvalue λ. Then

v⃗ · σ⃗ |λ⟩ = λ |λ⟩
(v⃗ · σ⃗)2 |λ⟩ = λ2 |λ⟩

On the other hand (v⃗ · σ⃗)2 = I,

(v⃗ · σ⃗)2 |λ⟩ = I |λ⟩ = |λ⟩
∴ λ2 |λ⟩ = |λ⟩ .

Thus λ2 = 1 ⇒ λ = ±1. Therefore v⃗ · σ⃗ has eigenvalues ±1.
Let |λ1⟩ and |λ−1⟩ are eigenvectors with eigenvalues 1 and −1, respectively.

I will prove that P± = |λ±1⟩.
In order to prove above equation, all we have to do is prove following condi-

tion.

⟨ψ|(P± − λ±1)|ψ⟩ = 0 for all |ψ⟩ ∈ C2

Since v⃗ · σ⃗ is Hermitian, |λ1⟩ and |λ−1⟩ are orthonormal vector (∵ Exercise
2.22). Let |ψ⟩ ∈ C2 be an arbitrary state. |ψ⟩ can be written as

|ψ⟩ = α |λ1⟩+ β |λ±1⟩ (|α|2 + |β|2 = 1, α, β ∈ C).

⟨ψ|(P± − λ±)|ψ⟩ = ⟨ψ|P±|ψ⟩ − ⟨ψ|λ±⟩ ⟨λ±|ψ⟩ .

⟨ψ|P±|ψ⟩ = ⟨ψ|1
2
(I ± v⃗ · σ⃗)|ψ⟩

=
1

2
± 1

2
⟨ψ|v⃗ · σ⃗)|ψ⟩

=
1

2
± 1

2
(|α|2 − |β|2)

=
1

2
± 1

2
(2|α|2 − 1) (∵ |α|2 + |β|2 = 1)

⟨ψ|λ1⟩ ⟨λ1|ψ⟩ = |α|2

⟨ψ|λ−1⟩ ⟨λ−1|ψ⟩ = |β|2 = 1− |α|2

Therefore ⟨ψ|(P± − λ±1)|ψ⟩ = 0 for all |ψ⟩ ∈ C2. Thus P± = λ±1.

2.61 Calculate the Probability

⟨λ1|0⟩⟨0|λ1⟩ − ⟨0|λ1⟩⟨λ1|0⟩

= ⟨0|1
2
(I + v⃗ · σ⃗|0⟩

1

2
(1 + v3)
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and the state after measurement is

|λ1⟩⟨λ1|0⟩√
⟨0|λ1⟩⟨λ1|0⟩

=
1√

1
2 (1 + v3)

· 1
2

[
1 + v3
v1 + ιv2

]

=

√
1

2
(1 + v3) ·

[
1

v1+ιv2
1+v3

]

=

√
1 + v3

2

[
1

1−v3
v1−ιv2

]
= |λ1⟩

2.62 Projective Measurement

Let’s assume Mm is a measurement operator. From the assumption , we
have Em =M†

mMm =Mm, Then

⟨ψ|Em|ψ⟩ = ⟨ψ|Mm|ψ⟩ ≥ 0 ∀ |ψ⟩

Since Mm is a positive operator, Mm is Hermitian. Therfore,

Em =M†
mMm =MmMm =M2

m =Mm

Thus the measurement is a projective measurement.

2.63 Measurement Operators Mm

We have
M†
mMm =

√
EmU

†
mUm

√
Em

=
√
EmI

√
Em

= Em

Since Em is POVM , for arbitrary unitary U , M†
mMm is a POVM

2.64 Construct a POVM

We can construct |ψ′

j⟩ that is orthogonal to all states except |ψj⟩. That is

|ψ
′

j⟩ = |ψj⟩ −
m∑

k=1,k ̸=j

⟨ψj |ψk⟩|ψk⟩
||ψk⟩|2

Then Em is
Em = A|ψ

′

m⟩⟨ψ
′

m|
where A is chosen such that

Em+1 = I −
m∑
j=1

Ej

is positive.
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2.65 Express the states in Composite system
The |+⟩ and |−⟩ states

|+⟩ = |0⟩+ |1⟩
2

|−⟩ = |0⟩ − |1⟩
2

2.66 Average Value

Let |ψ⟩ = |00⟩+|11⟩√
2

. Then,

E(X1Z2) = ⟨ψ|X1Z2|ψ⟩

=
1

2
(⟨00|X1Z2|00⟩) + (⟨00|X1Z2|11⟩) + (⟨11|X1Z2|00⟩) + (⟨11|X1Z2|11⟩)

1

2
(⟨00|10⟩ − ⟨00|01⟩+ ⟨11|10⟩ − ⟨11|01⟩

= 0

2.67 V ≈ Hilbert Space

Suppose W⊥ is the orthogonal complement of W . Then V =W ⊕W⊥. Let
|wi⟩ , |w′

j⟩ , |u′j⟩ be orthonormal bases for W , W⊥, (image(U))
⊥
, respectively.

Define U ′ : V → V as U ′ =
∑
i uiwi +

∑
j u

′
jw

′
j , where |ui⟩ = U |wi⟩.

Now

(U ′)†U ′ =

dimW∑
i=1

wiui +

dimW⊥∑
j=1

w′
ju

′
j

∑
i

uiwi +
∑
j

u′jw
′
j


=
∑
i

wi +
∑
j

w′
j = I

and

U ′(U ′)† =

∑
i

uiwi +
∑
j

u′jw
′
j

∑
i

wiui +
∑
j

w′
ju

′
j


=
∑
i

ui +
∑
j

u′j = I.
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Thus U ′ is an unitary operator. Moreover, for all |w⟩ ∈W ,

U ′ |w⟩ =

∑
i

uiwi +
∑
j

u′jw
′
j

 |w⟩

=
∑
i

|ui⟩ ⟨wi|w⟩+
∑
j

|u′j⟩ ⟨w′
j |w⟩

=
∑
i

|ui⟩ ⟨wi|w⟩ (∵ |w′
j⟩ ⊥ |w⟩)

=
∑
i

U |wi⟩ ⟨wi|w⟩

= U |w⟩ .

Therefore U ′ is an extension of U .

2.68 |ψ⟩ ≠ |a⟩|b⟩

Suppose one of the bell states:

|ψ⟩ = (|00⟩+ |11⟩)/
√
2

can be written as a product of single particle states

|a⟩ = αa|0⟩+ βa|1⟩

|b⟩ = αb|0⟩+ βb|1⟩

Then
|a⟩|b⟩ = αaαb|00⟩+ αaβb|01⟩+ βaαb|10⟩+ βaβb|11⟩

Comparing this with the bell state |ψ⟩ = (|00⟩+ |11⟩)/
√
2 we have

αaβb = 0

βaαb = 0

This contradicts |ψ⟩ = |a⟩|b⟩. So |ψ⟩ ≠ |a⟩|b⟩ for all single qubits states |a⟩
and |b⟩.

2.69 Bell Basis

We know the bell states are:

|ψ1⟩ =
|00⟩+ |11⟩√

2
=

1√
2


1
0
0
1


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|ψ2⟩ =
|00⟩ − |11⟩√

2
=

1√
2


1
0
0
−1



|ψ3⟩ =
|01⟩+ |10⟩√

2
=

1√
2


0
1
1
0



|ψ4⟩ =
|01⟩ − |10⟩√

2
=

1√
2


0
1
−1
0


To form a basis, it must be linearly independent, Hence:

a1 |ψ1⟩+ a2 |ψ2⟩+ a3 |ψ3⟩+ a4 |ψ4⟩ = 0

=⇒ 1√
2


a1 + a2
a3 + a4
a3 − a4
a1 − a2

 = 0

=⇒ a1 = a2 = a3 = a4 = 0

Thus {|ψi⟩} is a linearly independent basis.
Moreover || |ψi⟩ || = 1 and ⟨ψi|ψj⟩ = δij for i, j = 1, 2, 3, 4. Thus it forms an

orthonormal basis.

2.70 Bell States
For any Bell state we have ⟨ψi|E ⊗ I|ψi⟩ = 1

2 (⟨0|E|0⟩+ ⟨1|E|1⟩)
Suppose Eve measures the qubit Alice sent by measurement operators Mm.

The probability that Eve get result m is pi(m) = ⟨ψi|M†
mMm ⊗ I|ψi⟩ Since

M†
mMm is positive , pi(m) are same values for all |ψi⟩ . Thus Eve can’t distin-

guish Bell states.

2.71 Mixed or Pure
We know from spectral decomposition

ρ =
∑
i

pi|ψi⟩⟨ψi|, pi ≥ 0,
∑
i

pi = 1

ρ2 =
∑
i,j

pipj |i⟩⟨i||j⟩⟨j|

=
∑
i,j

pipj |i⟩⟨i|δij
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=
∑
i

p2i |i⟩⟨i|

Tr(ρ2) = Tr(
∑
i

p2i |i⟩⟨i|) =
∑
i

p2iTr(|i⟩⟨i|) =
∑
i

p2i |i⟩⟨i| =
∑
i

p2i ≥
∑
i

pi = 1

Suppose Tr(ρ2) = 1. Then
∑
i p

2
i = 1. Since p2i < pi for 0 < pi < 1, only

single pi should be 1 and otherwise have to vanish. Therefore ρ = |ψi⟩⟨ψi|. It
is a pure state.

Conversely if ρ is pure, then ρ = |ψi⟩⟨ψi|

Tr(ρ2) = Tr(|ψi⟩⟨ψi||ψi⟩⟨ψi|) = Tr(|ψi⟩⟨ψi|) = |ψi⟩⟨ψi| = 1

2.72 Bloch Sphere

(1) Since density matrix is Hermitian, matrix representation is ρ =

[
a b
b∗ d

]
,

a, d ∈ R and b ∈ C w.r.t. standard basis. Because ρ is density matrix, (ρ) =
a+ d = 1.

Define a = (1 + r3)/2, d = (1− r3)/2 and b = (r1 − ιr2)/2, (ri ∈ R).
In this case,

ρ =

[
a b
b∗ d

]
=

1

2

[
1 + r3 r1 − ir2
r1 + ir2 1− r3

]
=

1

2
(I + r⃗ · σ⃗).

Thus for arbitrary density matrix ρ can be written as ρ = 1
2 (I + r⃗ · σ⃗).

Next, we derive the condition that ρ is positive.
If ρ is positive, all eigenvalues of ρ should be non-negative.

det(ρ− λI) = (a− λ)(b− λ)− |b|2 = λ2 − (a+ d)λ+ ad− |b2| = 0

λ =
(a+ d)±

√
(a+ d)2 − 4(ad− |b|2)

2

=

1±
√
1− 4

(
1−r23

4 − r21+r
2
2

4

)
2

=
1±

√
1− (1− r21 − r22 − r23)

2
=

1±
√
|r⃗|2

2
=

1± |r⃗|
2

Since ρ is positive, 1−|r⃗|
2 ≥ 0 → |r⃗| ≤ 1.

Therefore an arbitrary density matrix for a mixed state qubit is written as
ρ = 1

2 (I + r⃗ · σ⃗).

(2)
ρ = I/2 → r⃗ = 0. Thus ρ = I/2 corresponds to the origin of Bloch sphere.
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(3)

ρ2 =
1

2
(I + r⃗ · σ⃗) 1

2
(I + r⃗ · σ⃗)

=
1

4

I + 2r⃗ · σ⃗ +
∑
j,k

rjrk

(
δjkI + i

3∑
l=1

ϵjklσl

)
=

1

4

(
I + 2r⃗ · σ⃗ + |r⃗|2I

)
(ρ2) =

1

4
(2 + 2|r⃗|2)

If ρ is pure, then (ρ2) = 1.

1 = (ρ2) =
1

4
(2 + 2|r⃗|2)

∴ |r⃗| = 1.

Conversely, if |r⃗| = 1, then (ρ2) = 1
4 (2 + 2|r⃗|2) = 1. Therefore ρ is pure.

2.73
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� �
Theorem 2.6

ρ =
∑
i

piψi =
∑
i

ψ̃i =
∑
j

φ̃j =
∑
j

qjφj ⇔ |ψ̃i⟩ =
∑
j

uij |φ̃j⟩

where u is unitary.
The-transformation in theorem 2.6, |ψ̃i⟩ =

∑
j uij |φ̃j⟩, corresponds to[

|ψ̃1⟩ · · · |ψ̃k⟩
]
=
[
|φ̃1⟩ · · · |φ̃k⟩

]
UT

where k = rank(ρ).

∑
i

ψ̃i =
[
|ψ̃1⟩ · · · |ψ̃k⟩

]⟨ψ̃1|
...

⟨ψ̃k|

 (71)

=
[
|φ̃1⟩ · · · |φ̃k⟩

]
UTU∗

⟨φ̃1|
...

⟨φ̃k|

 (72)

=
[
|φ̃1⟩ · · · |φ̃k⟩

]⟨φ̃1|
...

⟨φ̃k|

 (73)

=
∑
j

φ̃j . (74)

� �
From spectral theorem, density matrix ρ is decomposed as ρ =

∑d
k=1 λkk

where d = dimH. Without loss of generality, we can assume pk > 0 for k =
1 · · · , l where l = rank(ρ) and pk = 0 for k = l+1, · · · , d. Thus ρ =

∑l
k=1 pkk =∑l

k=1 k̃, where |k̃⟩ =
√
λk |k⟩.

Suppose |ψi⟩ is a state in support ρ. Then

|ψi⟩ =
l∑

k=1

cik |k⟩ ,
∑
k

|cik|2 = 1.

Define pi =
1∑

k
|cik|2
λk

and uik =

√
picik√
λk

.

Now ∑
k

|uik|2 =
∑
k

pi|cik|2

λk
= pi

∑
k

|cik|2

λk
= 1.

Next prepare an unitary operator 1 such that ith row of U is [ui1 · · ·uik · · ·uil].
1By Gram-Schmidt procedure construct an orthonormal basis {uj} (row vector) with ui =
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Then we can define another ensemble such that[
|ψ̃1⟩ · · · |ψ̃i⟩ · · · |ψ̃l⟩

]
=
[
|k̃1⟩ · · · |k̃l⟩

]
UT

where |ψ̃i⟩ =
√
pi |ψi⟩. From theorem 2.6,

ρ =
∑
k

k̃ =
∑
k

ψ̃k.

Therefore we can obtain a minimal ensemble for ρ that contains |ψi⟩.
Moreover since ρ−1 =

∑
k

1
λk
k,

⟨ψi|ρ−1|ψi⟩ =
∑
k

1

λk
⟨ψi|k⟩⟨k|ψi⟩ =

∑
k

|cik|2

λk
=

1

pi
.

Hence, 1
⟨ψi|ρ−1|ψi⟩ = pi.

2.74

We know
ρAB = |a⟩⟨a|A ⊗ |b⟩⟨b|B

ρA = TrBρAB = |a⟩⟨a|Tr(|b⟩⟨b|) = |a⟩⟨a|

Tr(ρ2A) = 1

Thus ρA is pure.

2.75 Reduced Density

Define |Φ±⟩ = 1√
2
(|00⟩ ± |11⟩) and |Ψ±⟩ = 1√

2
(|01⟩ ± |10⟩).

|Φ±⟩ ⟨Φ±|AB =
1

2
(|00⟩ ⟨00| ± |00⟩ ⟨11| ± |11⟩ ⟨00|+ |11⟩ ⟨11|)

TrB(|Φ±⟩ ⟨Φ±|AB) =
1

2
(|0⟩ ⟨0|+ |1⟩ ⟨1|) = I

2

|Ψ±⟩ ⟨Ψ±| =
1

2
(|01⟩ ⟨01| ± |01⟩ ⟨10| ± |10⟩ ⟨01|+ |10⟩ ⟨10|)

TrB(|Ψ±⟩ ⟨Ψ±|) =
1

2
(|0⟩ ⟨0|+ |1⟩ ⟨1|) = I

2

[ui1 · · ·uik · · ·uil]. Then define unitary U =



u1

..

.
ui

...
ul


.
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2.76 Extend Proof

Click https://en.wikipedia.org/wiki/Schmidt_decomposition#Proof to
check the proof

2.77 ABC three components

|ψ⟩ = |0⟩ |Φ+⟩

= |0⟩
[

1√
2
(|00⟩+ |11⟩)

]

= (α |ϕ0⟩+ β |ϕ1⟩)
[

1√
2
(|ϕ0ϕ0⟩+ |ϕ1ϕ1⟩)

]
where |ϕi⟩ are arbitrary orthonormal states and α, β ∈ C. We cannot vanish

cross term. Therefore |ψ⟩ cannot be written as |ψ⟩ =
∑
i λi |i⟩A |i⟩B |i⟩C .

2.78 Schmidt Number

Proof. First Part
If |ψ⟩ is product, then there exist a state |ϕA⟩ for system A, and a state |ϕB⟩

for system B such that |ψ⟩ = |ϕA⟩ |ϕB⟩.
Obviously, this Schmidt number is 1.
Conversely, if Schmidt number is 1, the state is written as |ψ⟩ = |ϕA⟩ |ϕB⟩.

Hence this is a product state.

Proof. Later part.
(⇒) Proved by exercise 2.74.
(⇐) Let a pure state be |ψ⟩ =

∑
i λi |iA⟩ |iB⟩. Then ρA = TrB(|ψ⟩ ⟨ψ|) =∑

i λ
2
i |i⟩ ⟨i|. If ρA is a pure state, then λj = 1 and otherwise 0 for some j. It

follows that |ψj⟩ = |jA⟩ |jB⟩. Thus |ψ⟩ is a product state.

2.79 Schmidt Decomposition� �
Procedure of Schmidt decomposition.
Goal: |ψ⟩ =

∑
i

√
λi |iA⟩ |iB⟩

• Diagonalize reduced density matrix ρA =
∑
i λi |iA⟩ ⟨iA|.

• Derive |iB⟩, |iB⟩ =
(I ⊗ ⟨iA|) |ψ⟩√

λi

• Construct |ψ⟩.� �
41
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(i)

1√
2
(|00⟩+ |11⟩) This is already decomposed.

(ii)

|00⟩+ |01⟩+ |10⟩+ |11⟩
2

=

(
|0⟩+ |1⟩√

2

)
⊗
(
|0⟩+ |1⟩√

2

)
= |ψ⟩ |ψ⟩ where |ψ⟩ = |0⟩+ |1⟩√

2

(iii)

|ψ⟩AB =
1√
3
(|00⟩+ |01⟩+ |10⟩)

ρAB = ψAB

ρA =B (ρAB) =
1

3
(20 + 01 + 10 + 1)

det(ρA − λI) =

(
2

3
− λ

)(
1

3
− λ

)
− 1

9
= 0

λ2 − λ+
1

9
= 0

λ =
1±

√
5/3

2
=

3±
√
5

6

Eigenvector with eigenvalue λ0 ≡ 3 +
√
5

6
is |λ0⟩ ≡

1√
5+

√
5

2

[
1+

√
5

2
1

]
.

Eigenvector with eigenvalue λ1 ≡ 3−
√
5

6
is |λ1⟩ ≡

1√
5−

√
5

2

[
1−

√
5

2
1

]
.

ρA = λ0λ0 + λ1λ1.

|a0⟩ ≡
(I ⊗ ⟨λ0|) |ψ⟩√

λ0

|a1⟩ ≡
(I ⊗ ⟨λ1|) |ψ⟩√

λ1

Then

|ψ⟩ =
1∑
i=0

√
λi |ai⟩ |λi⟩ .

Calculate |ai⟩
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2.80 Schmidt Coefficient

Let |ψ⟩ =
∑
i λi |ψi⟩A |ψi⟩B and |φ⟩ =

∑
i λi |φi⟩A |φi⟩B .

Define U =
∑
i |ψj⟩ ⟨φj |A and V =

∑
j |ψj⟩ ⟨φj |B .

Then

(U ⊗ V ) |φ⟩ =
∑
i

λiU |φi⟩A V |φi⟩B

=
∑
i

λi |ψi⟩A |ψi⟩B

= |ψ⟩ .

2.81 Purification

Let the Schmidt decomposition of |AR1⟩ be |AR1⟩ =
∑
i

√
pi |ψAi ⟩ |ψRi ⟩ and

let |AR2⟩ =
∑
i

√
qi |ϕAi ⟩ |ϕRi ⟩.

Suppose ρA has orthonormal decomposition ρA =
∑
i pi |i⟩ ⟨i|.

Since |AR1⟩ and |AR2⟩ are purifications of the ρA, we have

TrR(|AR1⟩ ⟨AR1|) = TrR(|AR2⟩ ⟨AR2|) = ρA

∴
∑
i

pi |ψAi ⟩ ⟨ψAi | =
∑
i

qi |ϕAi ⟩ ⟨ϕAi | =
∑
i

λi |i⟩ ⟨i| .

The |i⟩, |ψAi ⟩, and |ψAi ⟩ are orthonormal bases and they are eigenvectors of
ρA. Hence without loss of generality, we can consider

λi = pi = qi and |i⟩ = |ψAi ⟩ = |ϕAi ⟩ .

Then

|AR1⟩ =
∑
i

λi |i⟩ |ψRi ⟩

|AR2⟩ =
∑
i

λi |i⟩ |ϕRi ⟩

Since |AR1⟩ and |AR2⟩ have same Schmidt numbers, there are two unitary
operators U and V such that |AR1⟩ = (U ⊗ V ) |AR2⟩ from exercise 2.80.

Suppose U = I and V =
∑
i |ψRi ⟩ ⟨ϕRi |. ThenI ⊗∑

j

|ψRj ⟩ ⟨ϕRj |

 |AR2⟩ =
∑
i

λi |i⟩

∑
j

|ψRj ⟩ ⟨ϕRj | |ϕRi ⟩


=
∑
i

λi |i⟩ |ψRi ⟩

= |AR1⟩ .

Therefore there exists a unitary transformation UR acting on system R such
that |AR1⟩ = (I ⊗ UR) |AR2⟩.
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2.82

(1)
Let |ψ⟩ =

∑
i

√
pi |ψi⟩ |i⟩.

TrR(|ψ⟩ ⟨ψ|) =
∑
i,j

√
pi
√
pj |ψi⟩ ⟨ψj |TrR(|i⟩ ⟨j|)

=
∑
i,j

√
pi
√
pj |ψi⟩ ⟨ψj | δij

=
∑
i

pi |ψi⟩ ⟨ψi| = ρ.

Thus |ψ⟩ is a purification of ρ.

(2)
Define the projector P by P = I ⊗ |i⟩ ⟨i|. The probability we get the result

i is

Tr [P |ψ⟩ ⟨ψ|] = ⟨ψ|P |ψ⟩ = ⟨ψ|(I ⊗ i)|ψ⟩ = pi ⟨ψi|ψi⟩ = pi.

The post-measurement state is

P |ψ⟩
√
pi

=
(I ⊗ |i⟩ ⟨i|) |ψ⟩

√
pi

=

√
pi |ψi⟩ |i⟩√

pi
= |ψi⟩ |i⟩ .

If we only focus on the state on system A,

TrR(|ψi⟩ |i⟩) = |ψi⟩ .

(3)
({|ψi⟩} is not necessary an orthonormal basis.)
Suppose |AR⟩ is a purification of ρ and its Schmidt decomposition is |AR⟩ =∑
i

√
λi |ϕAi ⟩ |ϕRi ⟩.

From assumption

TrR (|AR⟩ ⟨AR|) =
∑
i

λi |ϕAi ⟩ ⟨ϕAi | =
∑
i

pi |ψi⟩ ⟨ψi| .

By theorem 2.6, there exits an unitary matrix uij such that
√
λi |ϕAi ⟩ =
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∑
j uij

√
pj |ψj⟩. Then

|AR⟩ =
∑
i

∑
j

uij
√
pj |ψj⟩

 |ϕRi ⟩

=
∑
j

√
pj |ψj⟩ ⊗

(∑
i

uij |ϕRi ⟩

)
=
∑
j

√
pj |ψj⟩ |j⟩

=
∑
i

√
pi |ψi⟩ |i⟩

where |i⟩ =
∑
k uki |ϕRk ⟩.

About |i⟩,

⟨k|l⟩ =
∑
m,n

u∗mkunl ⟨ϕRm|ϕRn ⟩

=
∑
m,n

u∗mkunlδmn

=
∑
m

u∗mkuml

s = δkl, (∵ uij is unitary.)

which implies |j⟩ is an orthonormal basis for system R.
Therefore if we measure system R w.r.t |j⟩, we obtain j with probability pj

and post-measurement state for A is |ψj⟩ from (2). Thus for any purification
|AR⟩, there exists an orthonormal basis |i⟩ which satisfies the assertion.

2.1

From Exercise 2.35, n⃗ · σ⃗ is decomposed as

n⃗ · σ⃗ = |λ1⟩ ⟨λ1| − |λ1⟩ ⟨λ−1|

where |λ±1⟩ are eigenvector of n⃗ · σ⃗ with eigenvalues ±1.
Thus

f(θn⃗ · σ⃗) = f(θ) |λ1⟩ ⟨λ1|+ f(−θ) |λ−1⟩ ⟨λ−1|

=

(
f(θ) + f(−θ)

2
+
f(θ)− f(−θ)

2

)
|λ1⟩ ⟨λ1|+

(
f(θ) + f(−θ)

2
− f(θ)− f(−θ)

2

)
|λ−1⟩ ⟨λ−1|

=
f(θ) + f(−θ)

2
(|λ1⟩ ⟨λ1|+ |λ−1⟩ ⟨λ−1|) +

f(θ)− f(−θ)
2

(|λ1⟩ ⟨λ1| − |λ−1⟩ ⟨λ−1|)

=
f(θ) + f(−θ)

2
I +

f(θ)− f(−θ)
2

n⃗ · σ⃗
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3 Chapter 3 solutions

3.1 Non-computable processes in Nature

Since we know that a Turing Machine only maps from non-negative to non-
negative numbers, and if any process in nature is found to map between different
sets of values then that process can’t be run on a Turing Machine.

3.2 Turing numbers
Taking the input of the Turing Machine a1, ..., ak and then give the Turing
machine the value pa11 ×pa22 ×.....×pakk withe p1, p2, p3, ...pk being the first k prime
numbers, and thus all Turing machine with unique inputs will be given unique
value identifiers since all numbers only have one kind of prime factorization.

3.3 Turing Machine to reverse a bit string
Our aim is to design a Turing Machine to reverse a binary string consisting of
0 and 1, we will call them a and b

• Move the last digit , replace x for a or x for b and move right to convert
the corresponding B to a or b accordingly.

• Move left until the symbol left to x is reached.

• Perform Step 1 and Step 2 until B is reached while traversing left.

• Replace every x to B to make the cells empty since the reverse string is
performed by the previous steps.

The transition diagram for the Turing machine looks like this

3.4 Turing Machine to add modulo 2

• Start in the initial state, with the tape head positioned over the leftmost
digit of the first number.

• If the digit under the tape head is 0, move the tape head one position to
the right and transition to the next state.

• If the digit under the tape head is 1, write a 0 at that position and move
the tape head one position to the right.

• Repeat steps 2 and 3 until the tape head reaches the rightmost digit of
the first number.

• Transition to the next state and move the tape head to the leftmost digit
of the second number.

• Repeat steps 2-4 for the second number.
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Figure 1: The Turing Machine for reverse string
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• Move the tape head to the leftmost digit of the result and transition to
the final state.

This Turing machine will add two binary numbers modulo 2, effectively
performing a bitwise XOR operation on the input numbers.

3.5 Halting Problem with no inputs
The problem of determining whether a given Turing machine halts when

the input to the machine is a blank tape is known as the halting problem. It
was shown by Alan Turing in 1936 that there is no general algorithm that can
determine whether an arbitrary Turing machine halts on a blank input.

The proof of this result relies on the concept of diagonalization, where a new
machine is constructed that can determine whether any given machine halts on
a blank input. If such an algorithm existed, then it could be encoded as a Turing
machine, say H. It is possible to construct a new machine, say D, that takes
as input the description of another machine M and runs both M and H on the
blank tape. D compares the outputs of M and H for each machine it receives
as input. If the outputs are different for any input machine M, D outputs ”M
does not halt.” Otherwise, D outputs ”M halts.”

The problem is that D can be used to determine whether itself halts. If D
halts, it will say ”D halts.” If D does not halt, it will say ”D does not halt.”
This creates a contradiction, because D cannot simultaneously halt and not halt.
Therefore, it is impossible for a machine to determine whether another machine
halts on a blank input.

This proof was shown by Alan Turing in his paper ”On computable num-
bers, with an application to the Entscheidungsproblem” in 1936, showing that
the halting problem is undecidable.

Define H2(M) = 0 if the machine doesn’t halt with blank input , 1 if the
machine does halt with a blank input

We have the following algorithm
Turing(M)

Y = H2(M)
if y == 0
halt
else
‘Loop Forever

Here if M is blank, then H2(M) = 1 only if y = H2(M) = 0 , thus we form
a contradiction, meaning this machine cannot read input M , which is blank,
meaning there is no algorithm to solve H2(M) for this particular machine.

3.6 Probabilistic halting problem

Define Hp(x) = 0 if probability machine x halts in input x < 1/2, 1 if
probability > 1/2 We have the following algorithm:

49



Turing(x)
Y = hp(x)
Y2 = flip an unbiased coin
if y==1 and y2 = heads
halt
Else
loop forever
End if

Here, assume hp(x) = 1 and thus corresponding probability p > 1/2. The
probability program halts are p× 1/2 = at most 1/2 since p is at most 1. Thus,
this contradicts our original statement that hp(x) = 1, and thus there is no
algorithm to correctly determine hp(x) for this machine.

3.7 Halting oracle

Yes. Before, the problem was no algorithm existed to compute HALT(x)
for all x, but now that the black box exists that algorithm also exists, and
since Turing machines can compute all algorithms, these Turing machines can
compute this algorithm for all machines.

3.8 Universality of NAND

AND - input bit [1, x0, x1]. Apply NAND to x0 and x1 , then a NAND on
[1,NAND(x0, x1)]
NOT - NAND input bit x0 and ancilla bit 1
XOR - input [1, x0, x1, 1, 1] NAND[1,NAND[x0, x1], NAND[NAND[1, x0] NAND[1, x1]]]

3.9 Prove that f(n) is O(g(n)) iff g(n) is Ω(f(n))

f(n) is O(g(n)) → f(n) ≤ cg(n)
g(n) is Ω(f(n)) → cf(n) ≤ g(n)
If g(n) is Ω(f(n)) then cf(n) ≤ g(n), f(n) ≤ g(n)/c
And thus f(n) ≤ cg(n) and f(n) is O(g(n))

Thus g(n) is Θ(f(n)) and f(n) is O(g(n))

3.10 Suppose g(n) is a polynomial of degree k

g(n)isO(n1) −→ g(n) ≤ cn1

g(n) = Ank +Bnk−1 + ....+ d ≤ cn1

Thus, because Ank +Bnk−1 + ...+ d ≤ nk+1 ≤ nk+2 and we design c such that
Ank +Bnk−1 + ...+ d ≤ cnk, thus g(n) is O(n1).
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3.11 Show that log(n) is O(nk) for any k > 0

log n ≤ cnk, n ≤ c10n
k

, so we design ck such that n ≤ c× 10n
k

for all k > 0

3.12 nlogn is super polynomial

From 3.10 , we proved log n ≥ k for sufficiently large n, thus g(n) = nk is in
O(nlogn). However, log n is not ≤ k for large n, so g(n) = nk is never in O(nk)

3.13 nlogn is sub-exponential

cn is Ω(nlogn), check graphically for sufficiently large n.
Since cn is Ω(nlogn) , nlogn can’t be in Ω(cn).

3.14 Suppose e(n) is O(f(n)) and g(n) is O(h(n))

e(n) is O(f(n)) → e(n) ≤ cf(n)

g(n) is O(h(n)) → g(n) ≤ c2× h(n)

e(n)× g(n) ≤ c× c2× f(n)× h(n) = c3× f(n)× h(n)

3.15 Lower bound for compare and swap based sorts

After 1 swapping, there is only 21 ordering such that the swapping puts the
whole thing in order. After 2 swapping, there are 22 orderings that were two
swapping away from being sorted. After k swappings, it follows that 2k initial
orderings are now sorted.

2n log n = 2logn
n=nn

≥ n!

Thus, the lower bound on sorting is n log n. You can see that asymptotic
notations have the important effect of allowing us to find how efficient a par-
ticular algorithm can be on a process, but it doesn’t necessarily tell us HOW
to make such an algorithm, but it gives us an idea of how efficient the most
efficient algorithm can be.

3.16 Hard to compute function exist
There exist Boolean functions on n inputs which require at least 2n/ log(n) logic
gates to compute. One such example is the function known as the ”n-input
majority function.”

The majority function, denoted as MAJn(x1, x2, ..., xn), is a Boolean func-
tion that takes n binary inputs and outputs 1 if and only if more than n/2
of the inputs are 1. The function can be computed by creating n AND gates,
one for each input, and n − 1 OR gates to combine the outputs of the AND
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gates. In the worst case, where all inputs are 1, the number of gates required is
(n− 1) + (n− 1) = 2n− 2 = 2n/log(n) gates.

Another example is the ”n-input parity function,” which is a Boolean func-
tion that takes n binary inputs and outputs 1 if and only if the number of 1s
in the inputs is odd. The function can be computed by creating n XOR gates,
one for each input, and then n − 1 XOR gates to combine the outputs of the
previous XOR gates. In the worst-case scenario, the number of gates required
is (n− 1) + (n− 1) = 2n− 2 = 2n/log(n) gates.

This shows that there are Boolean functions that require at least 2n/log(n)
logic gates to compute, and that is a lower bound for the complexity of some
Boolean functions.

3.17 Prove that a polynomial-time algorithm for finding the factors
of a number m exists iff the factoring decision problem is in P

If this problem is in P , then a Turing machine exists for identifying if a value
is a factor of a number m and less than L, and thus setting L = m we have the
factoring algorithm that can thus be done efficiently. If this problem isn’t in P ,
the factoring obviously can’t be done efficiently since if for any L it is inefficient
then L = m is definitely inefficient.

3.18 Prove that if coNP ̸= NP , then P ̸= NP

P is a subset of CoNP so if CoNP does not equal NP , there are some
problems in P and CoNP , and the rest of the problems in P and NP , and thus
there are some problems in P that are in CoNP but not NP and thus P does
not equal NP .

3.19 The REACHABILITY problem

Start at the first vertex, try to get to the 2nd. At most n vertices exist to
visit, so its O(n)(algorithm would make sure not to visit a vertice more than
once). Then use Reachability algorithm to form the following O(n2) algorithm:
For i through all vertices
For j through all vertices
Test Reachability(vertex(i), vertex(j)
End j
End i

3.20 Euler’s Theorem

Euler’s theorem is based on the following idea: If you visit a node, you can go
on a new edge you haven’t gone before, because the vertex has an even amount
of incident edges so if a node is visited and then left, 2 edges have been traversed
and used. Thus if you go through all nodes you will always have a new edge
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to move through for every node until there are no more edges left to visit, at
which point you are back at the original node and have completed the cycle.

The procedure then would be to start at a node, go to all other nodes until
you have reached back to the original node and there are no new edges to visit.

3.21 Transitive property of reduction
Since L1− > L2 exists, there exists function R(x) that gives a string in language
L2 iff x is in L1. Since L2− > L3 exists, there exists a function R2(x2) that
gives a string in L3 iff x2 is in L2. Thus, with R(x) + R2(R(x)) (polynomial
time overhead), we reduce L1 to L3.

3.22 L is complete
Since all other problems can be reduced to L, and L can be reduced to L’, all
other problems can be reduced to L’.

3.23 SAT is NP-complete problem

SAT (Satisfiability) is a problem of determining whether a given Boolean
formula, in conjunctive normal form (CNF) has a satisfying assignment.

First, to show that SAT is in NP, we need to show that a solution to the
problem can be verified in polynomial time. Given a Boolean formula in CNF
and an assignment, we can check in polynomial time if the assignment satisfies
the formula, by checking each clause of the formula. If all the clauses are true for
the given assignment, then the assignment is a satisfying assignment, otherwise
not. Since the size of the input does not affect the time complexity of the
verification, this means that SAT is in NP.

Next, to show that SAT is NP-complete, we need to show that there exists a
reduction from an arbitrary problem in NP to SAT. One such problem is known
as CSAT (Circuit SAT), which is the problem of determining whether a given
Boolean circuit has a satisfying assignment.

To show that CSAT reduces to SAT, we can construct a Boolean formula
in CNF that represents the given Boolean circuit. Each gate in the circuit can
be represented by a clause in the CNF formula, and each input to the circuit
can be represented by a variable in the formula. We can then use the variables
to represent the inputs and the clauses to represent the gates, such that the
Boolean formula in CNF is satisfied if and only if the circuit has a satisfying
assignment.

Since CSAT is in NP and it is possible to reduce it to SAT, it implies that
SAT is NP-complete. This means that SAT is at least as hard as any problem
in NP, and that any problem in NP can be reduced to SAT in polynomial time.

3.25 PSPACE subset EXP
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With lmp(n) different states, all problems in PSPACE can be solved by going
through all possible states in lmp(n) time, or exponential time. Thus PSPACE
is a subset of EXP

3.26 L subset P

If you can solve a problem in L, then you can solve the problem by going
through around c× log(n) spaces, thus you can solve it in time c× log(n), which
is polynomial. Thus L is a subset of P .

3.27 Approximation algorithm for VERTEX COVER

In this algorithm, at worst the min vector span is made up of all the alpha’s
and none of the Beta’s, in which case at worst this algorithm calculates the a
vector span that is 2× the space of the min vector span.

3.29 Fredkin gate is self inverse

A Fredkin gate is a reversible gate that acts on three qubits, and it is also
known as a Controlled-SWAP gate. The Fredkin gate is defined as:

|x>|y>|z>ß|x>|y>|z>ifx = 0

|x>|y>|z>ß|x>|z>|y>ifx = 1

Where |x>, |y> and |z> are the input qubits and —x〉, —y〉, —z〉 are the
output qubits. The qubit x is the control qubit, and the qubits y and z are the
target qubits.

Now, let’s consider applying two consecutive Fredkin gates, where the first
one acts on qubits —x〉, —y〉, —z〉 and the second one acts on qubits —x〉, —z〉,
—w〉.

If x = 0, the first Fredkin gate doesn’t change the state of the qubits and the
second Fredkin gate also don’t change the state of the qubits, and the output
state is —x〉—y〉—z〉—w〉 which is the same as the input state —x〉—y〉—z〉—w〉

If x = 1, the first Fredkin gate swaps the qubits —y〉 and —z〉, and the
second Fredkin gate swaps the qubits —z〉 and —w〉. The net effect is that the
qubits —y〉 and —w〉 are swapped and the output state is —x〉—w〉—z〉—y〉
which is the same as the input state —x〉—y〉—z〉—w〉

Therefore, applying two consecutive Fredkin gates gives the same outputs
as inputs

3.32 From fredkin to toffoli

The Toffoli gate, also known as the Controlled-Controlled-NOT gate, is a
reversible gate that acts on three qubits. The Toffoli gate is defined as:
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|x>|y>|z>ß|x>|y>|z> if x = 0 and y = 0

|x>|y>|z>ß|x>|y>|z ⊗ 1> if x = 0 and y = 1

where —x〉, —y〉, and —z〉 are the input qubits and —x〉, —y〉, —z〉 are the
output qubits. The qubits x and y are the control qubits, and the qubit z is the
target qubit.

The smallest number of Fredkin gates needed to simulate a Toffoli gate is
3. To simulate a Toffoli gate with three Fredkin gates, we can use a technique
called ’controlled-SWAP-controlled-SWAP’, where the first two Fredkin gates
act on —x〉, —y〉, —z〉 and the third Fredkin gate acts on —x〉, —y〉, —t〉
where —t〉 is an auxiliary qubit.

On the other hand, Toffoli gate is a more powerful gate than Fredkin gate
and it can simulate Fredkin gate, but it requires 2 Toffoli gates to simulate 1
Fredkin gate. To simulate a Fredkin gate with two Toffoli gates, we can use
a technique called ”controlled-controlled-NOT-controlled-NOT” where the first
Toffoli gate is applied on —x〉, —y〉, —t1〉 where —t1〉 is an auxiliary qubit,
and the second Toffoli gate is applied on —x〉, —t1〉, —z〉

It’s important to note that while it’s possible to simulate a Toffoli gate using
Fredkin gates, or vice versa, it’s not always the most efficient way to perform
the operation, as the number of gates required for the simulation is higher than
using the native gate.
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4 Chapter 4 solutions

4.1 Find the points on the Bloch Sphere which corresponds to nor-
malized eigenvectors of different Pauli Matrices
Eigenvectors for the Pauli-x matrix:

1√
2

[
11
]

,
1√
2

[
−11

]
,
Eigenvectors for the Pauli-y matrix:

1√
2

[
1i
]

,
1√
2

[
i1
]

Eigenvectors for the Pauli-z matrix:[
10
]

, [
01
]

So we see that the eigenvectors are the different “poles” of the Bloch sphere.

4.2 Show that
exp ιAx = cos(x)I + ι sin(x)A

Use the Taylor development of the exponential function and simplify using
the property A2 = I.

eiAx =

∞∑
k=0

(iAx)k

k!
=

∞∑
k=0,even k

(ix)k

k!
Ak+

∞∑
k=0,odd k

(ix)k

k!
Ak =

∞∑
k=0,even k

(ix)k

k!
I+

∞∑
k=0,odd k

(ix)k

k!
A.

or

First, write out the identities in Taylor’s Series for sinx and cosx as well as
ex.

sinx = x− x3/(3!) + x5/(5!)...

cosx = 1− x2/(2!) + x4/(4!)..
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ex = 1 + x+ x2/(2!) + x3/(3!) + x4/(4!)...

Usually, to prove Euler’s Formula you multiply ex by i, in this case, we will
multiply ex by i.

And we will end with eix thus it will be equal to...

1 + (−ix) + (−ix)2/(2!) + (−ix)3/(3!) + (−ix)4/(4!)...

Expand...

1− ix− x2/(2!)− ix3/(3!) + x4/(4!)...

Factorise it

(1− x2/(2!) + x4/(4!)...)− i(x− x3/(3!) + x5/(5!)...)

And the first part of the equation is equal to cosx and the second part to
sinx , now we can replace them.

(cosx)− i(sinx)

Hence:

e(−ix) = cosx− i sinx

4.3 Show that up to a global phase, the π/8 gate satisfies T = Rz(π/4)

T =

[
1 0
0 ei

π
4

]
And

Rz(
π

4
) = cos(

π

8
)I − i sin(

π

8
)Z

=

[
cos(π8 )− i sin(π8 ) 0

0 cos(π8 ) + i sin(π8 )

]
=

[
e−i

π
8 0

0 ei
π
8

]
= e−i

π
8

[
1 0
0 ei

π
4

]
This equals T times a global phase shift.
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4.4 Express the Hadamard gate as a product of Rx and Rz rotations

Analyzing what the Hadamard gate does the eigenvectors of the Pauli X, Y,
and Z matrices, we see that:

—z; +〉 to —x; +〉, —z; -〉 to —x; -〉, and —y, +〉 to —y, -〉.
Thus, geometrically, we see that the Hadamard is the equivalent of a pi/2

rotation about the y-axis followed by a pi rotation about the x-axis. Thus,

H = Rx(π)Ry(
π

2
)eiϕ

To find the constant, we can multiply out the x and y rotation matrices, arriving
at [

−i
√
2
2 −i

√
2
2 − i

√
2
2 i

√
2
2

]
We can now take out

−i
√
2

2

to arrive at the matrix

−i 1√
2

[
1 11 −1

]
. Thus the constant is -i and ϕ is 3× pi/2.

4.5 Prove that n · σ = I

Let Q = n · σ⃗ Since all pauli matrices are hermitian we know that Q is also
hermitian. This means we can use the spectral decomposition theorem to show
that these matrices are diagonalizable. In exercise 2.60, we find that Q has
eigenvalues +1, -1. Thus,

Q = |q1⟩⟨q1| − |q2⟩⟨q2|

where
|q1⟩

and
|q2⟩

form an orthonormal basis. Squaring we get,

Q2 = |q1⟩⟨q1|+ |q2⟩⟨q2| = I

Where the last line follows from the completeness relation.
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4.6 Bloch Sphere interpretation of rotation

The first step to proving this is that Rx(α), Ry(α), Rz(α) rotate a state
around the x, y, and z axis of the bloch vector. Let’s start with the z-axis. To
prove this we start with the bloch-angle representation of a qubit,

|ψ⟩ = cos(θ/2)|0⟩+ eiϕ sin(θ/2)|1⟩

Multiplying this with Rz(α) to get,

(cos(α/2)I − i sin(α/2)Z)(cos(θ/2)|0⟩+ eiϕ sin(θ/2)|1⟩)

= cos(
θ

2
)
[
cos(

α

2
)− i sin(

α

2
)
]
|0⟩+ eiϕ sin(

θ

2
)
[
cos(

α

2
) + i sin(

α

2
)
]
|1⟩

= cos(
θ

2
)e−iα/2|0⟩+ eiϕ sin(θ/2)eiα/2|1⟩

= cos(
θ

2
)|0⟩+ ei(ϕ+α) sin(

θ

2
)|1⟩

Which means that the state is indeed rotated by α around the z-axis. We can
do a similar process with Ry(α) and Rz(α). Now, we need to show that Rn(α)
indeed rotates a bloch vector by α around the (nx, ny, nz) axis. To do this, we
can construct such a rotation with just rotations around the 3 axes and show
that this indeed equals Rn(α). Consider the following diagram:

Note that the angles θ and ϕ are referring to the angles that the bloch vector
(nx, ny, nz) are making, not the qubit itself. Now, to perform a rotation Rn(α)
we follow the following procedure: 1. Rotation around Z by π

2 − ϕ 2. Rotation
around X by θ 3. Rotation around Z by α 4. Rotation around X by −θ 5.
Rotation around Z by ϕ− π

2
So we need to show that this procedure is equivalent to Rn(α). We know

that:

Rn(α) ≡ cos(
θ

2
)I − i sin(

θ

2
)(nxX + nyY + nzZ)

And we must show that this equals our rotation procedure which can be written
like so:[

cos

(
π/2− ϕ

2

)
I + i sin

(
π/2− ϕ

2

)
Z

] [
cos

(
θ

2

)
I + i sin

(
θ

2

)
X

]
[
cos
(α
2

)
I − i sin

(α
2

)
Z
] [

cos

(
θ

2

)
I − i sin

(
θ

2

)
X

] [
cos

(
π/2− ϕ

2

)
I − i sin

(
π/2− ϕ

2

)
Z

]
While it seems tedious to multiply out, we can make the process easier by first
multiplying the middle three rotational terms.[

cos

(
θ

2

)
I + i sin

(
θ

2

)
X

] [
cos
(α
2

)
I − i sin

(α
2

)
Z
]
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Figure 2: The Bloch Sphere
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[
cos

(
θ

2

)
I − i sin

(
θ

2

)
X

]
= cos

(α
2

)
I−i sin

(α
2

)
nzZ−i sin

(α
2

)√
n2y + n2xY

Now we multiply this with the first and last terms of our rotation procedure
like so: [

cos

(
π/2− φ

2

)
I + i sin

(
π/2− φ

2

)
Z

]
[
cos
(α
2

)
I − i sin

(α
2

)
nzZ − i sin

(α
2

)
(n2y + n2z)Y

] [
cos

(
π/2− φ

2

)
I − i sin

(
π/2− φ

2

)
Z

]
Simplifying this out we get,

cos
(α
2

)
I − i sin

(α
2

)
nzZ − i sin

(α
2

)√
n2y + n2x(

ny√
n2x + n2y

Y +
nx√

n2x + n2y

X)

= cos
(α
2

)
I − i sin

(α
2

)
(nxX + nyY + nzZ)

And we have proven that
Rn(α)

indeed is equivalent to a rotation of

α

radians around the
(nx, ny, nz)

axis.

4.7 Show that XYX = −Y

XY X =

[
0 1
1 0

] [
0 i
−i 0

] [
0 1
1 0

]
= −

[
0 i
−i 0

]
= −Y

For the second part,

XRy(θ)X = X(cos(
θ

2
)I − i sin(

θ

2
)Y )X

= cos(
θ

2
)X2 − i sin(

θ

2
)XYX

= cos(
θ

2
)I + i sin(

θ

2
)Y = Ry(−θ)
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4.8 An arbitrary single qubit unitary operator can be written as
U exp ιαRN (θ)

1.
U = eiαRn(θ) = eiαe−i(

θ
2 )(n·σ)

Considering the adjoint,

U† = (eiα)†(e−i(
θ
2 )(n·σ))†

= e−iαei(
θ
2 )(n·σ)

Thus,
UU† = I

2.
H = Rx(π)Ry(

π

2
)ei

3π
2 = e−i(

π
2 )(

(X+Y )
2 )

Thus, α = 3π
2 ,θ = π, n = 1, 12 , 0

3.
S = Rx(0)Ry(0)Rz(

π

2
)ei∗0

= e(−i)(0)(X/2)e(−i)(0)(Y/2)e(−i)(π/2)(Z/2)

= e(−i)(
π
2 )(0X+0Y+(π

2 )Z)

Thus, θ = π
2 α = 0 n = 0, 0, 12

4.9 Explain why any single qubit unitary operator may be written
in different form

UU† = U†U = I

U =

[
a b
c d

]
U† =

[
a∗ c∗

b∗ d∗

]

UU† =

[
aa∗ + bb∗ (ai + bj) · (c∗i

+ d∗
j

)

(ci + dj) · (a∗i

+ b∗
j

) cc∗ + dd∗

]

=

[
1 0
0 1

]
This means that the rows/columns are orthonormal with each other and

each row/column is normal. Now we can consider U in form 4.12. Here the
rows are normal because

aa∗+bb∗ = ei(a−b/2−δ/2)e−i(a− b/2− δ/2)cos(
γ

2
)2+ei(a−b/2+δ/2)e−i(a− b/2 + δ/2)sin(

γ

2
)2
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= e0sin(
γ

2
)2 + e0cos(

γ

2
)2 = 1

We can use a similar process to show that the rows are orthonormal and that
the columns follow the same rules.

4.12 Give A,B,C and α for the Hadamard gate.

H =
1√
2

[
1 1
1 −1

]
We know, from equation 4.12, that:

U =

[
ei(α−β/2−δ/2)cos(γ2 ) −ei(α−β/2+δ/2)sin(γ2 )
ei(α+β/2+δ/2)sin(γ2 ) ei(α−β/2+δ/2)cos(γ2 )

]
So we need to find the α, β, δ, and γ values that give H. Playing around, we

realize its best to take care of the 1/
√
2 part by giving gamma the value of pi/2.

Now we have to focus on the ei. . . part. Again, just looking at it, it isn’t too
hard to see that, if we set β = 0, we just need to find a good definition of alpha
and sigma values. We realize α = π/2 and σ = π/2 works. Now, according to
theorem 4.1, we have:

H = eiπ/2Rz(0)Ry(π/2)Rz(π/2)

From the proof of the theorem, we say that we just need to define

A = Rz(0)Ry(π/4)

,
B = Ry(−γ/2)Rz(−(σ + β)/2)

, and
C = Rz(π/4)

, and
α = π/2

.

4.13 Circuit identities

HXH =
1√
2

[
1 1
1 −1

] [
0 1
1 0

]
1√
2

[
1 1
1 −1

]
=

1

2

[
2 0
0 −2

]
[
1 0
0 −1

]
= Z
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HYH =
1√
2

[
1 1
1 −1

] [
0 −i
i 0

]
1√
2

[
1 1
1 −1

]
=

1

2

[
0 2i

−2i 0

]
[
0 i
−i 0

]
= −Y

HZH =
1√
2

[
1 1
1 −1

] [
1 0
0 −1

]
1√
2

[
1 1
1 −1

]
=

1

2

[
0 2
2 0

]
[
0 1
1 0

]
= X

4.14 Show that HTH = Rx(π/4)

HTH =
1√
2

[
1 1
1 −1

] [
1 0
0 eiπ/4

]
1√
2

[
1 1
1 −1

]
=

[
1
2 + 1

2e
iπ/4 1

2 − 1
2e
iπ/4

1
2 − 1

2e
iπ/4 1

2 + 1
2e
iπ/4

]
Our goal in the end is to get a matrix that looks like:

Rx(
π

4
) =

[
cos(π8 ) −i sin(π8 )

−i sin(π8 ) cos(π8 )

]
This leads us to take out a global phase of

eiπ/8

.

HTH = eiπ/8
[
1
2e

−iπ/8 + 1
2e
iπ/8 1

2e
−iπ/8 − 1

2e
iπ/8

1
2e

−iπ/8 − 1
2e
iπ/8 1

2e
−iπ/8 + 1

2e
iπ/8

]
= eiπ/8

[
cos(π8 ) −i sin(π8 )

−i sin(π8 ) cos(π8 )

]
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4.16 Matrix representation of multi-qubit gates

To build the matrix we have to see what the effect of the circuit is on the
different computational basis states. For the state |00 >= [10][10] = [1000], the
circuit changes it to |0 > |+ >= [1/

√
(2)1/

√
(2)00]. For the state |01 >=

[10][01] = [0100], the circuit changes the state to |0 > |− >= [1/
√
(2) −

1/
√

(2)00]. For the state |10 >= [01][10] = [0010], the circuit changes the

state to |1 > |+ >= [001/
√
(2)1/

√
(2)]. For the state |11 >= [01][01] = [0001],

the circuit changes the state to |1 > |− >= [001/[]sqrt(2) − 1/
√

(2)]. Thus,
using these results, we can build the following matrix:

1√
2

1√
2

0 0
1√
2

− 1√
2

0 0

0 0 1√
2

1√
2

0 0 1√
2
− 1√

2


Using the same process, for the next circuit we get:

1√
2

0 1√
2

0

0 1√
2

0 1√
2

1√
2

0 − 1√
2

0

0 1√
2

0 − 1√
2


4.17 Building CNOT from controlled-Z gates

To construct a CNOT gate from one controlled Z gate, we can use the
following circuit:

Apply a Hadamard gate to the first qubit (control qubit) Apply a Controlled-
Z gate with the first qubit as control and the second qubit as target. Apply
a Hadamard gate to the first qubit (control qubit) The matrix operation of a
CNOT gate with the first qubit as the control qubit and the second qubit as
the target qubit is given by:

CNOT =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0


The matrix operation of a controlled Z gate with the control qubit as the first
qubit and the target qubit as the second qubit is given by:

CZ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


The matrix operation of a Hadamard gate on a single qubit is given by:
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H =
1√
2

[
1 1
1 −1

]
To find the matrix operation of the circuit described, we need to find the

matrix product of the individual gates in the order they appear in the circuit.
The matrix operation of the circuit is:

CNOT = H · CZ ·H

You can use matrix multiplication to find the final matrix representation of
the CNOT gate:

As you can see, the matrix representation of the CNOT gate is identical
to the one obtained by directly applying a CNOT gate, which means that the
circuit constructed using one Controlled-Z gate and two Hadamard gates indeed
implements a CNOT gate.

4.18 Show that
For both circuits, their effect on the computational basis states are the same:

for |00 >= [1000], both don’t change it, for |01 >= [0100], both don’t change
it, for |10 >= [0010], both don’t change it, and finally for |11 >= [0001], both
change this to [000− 1]. Thus, both circuits’ corresponding matrix is:

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


Thus, the two circuits are equal.

4.19 CNOT action on density matrices
When a unitary operator is applied to a density operator, it has the effect:

Up Thus, apply [CNOT (1 → 2)pHermitianConjugate(CNOT (1 → 2))], we get:
p11 p12 p14 p13
p21 p22 p24 p23
p41 p42 p44 p43
p31 p32 p34 p33


4.20 CNOT Basis transformations

Representing the operators (H1 tensor H2) with the matrix

1

2


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


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and the operator CNOT(2 → 1) as
1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


(based off how it changes the computational basis states), we then multiply

matrix (H1 tensor H2) CNOT(2→1) (H1 tensor H2) to get the matrix
1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


which is the matrix of the operator CNOT(1 → 2). Thus, applying two

hadamards, CNOT(2→1), and again two hadamards is the same as applying
CNOT(1→2).Now, let’s say that instead of the computational basis, we are in
the |+ > |− > basis. Lets say the first qubit is the control qubit, and the second
is the target. This is the same as the circuit

(H1 tensor H2) CNOT(2→1) (H1 tensor H2)
and with this circuit we get |0 > |0 > CNOT(2→1) = |0 > |0 > (H1 tensor

H2) = |+ > |+ >. Using the same process for input qubits |− > |+ >, |+ >
|− >, and |− > |− >, we get the following formulas:

|+ > |+ > −−− > |+ > |+ >

|− > |+ > −−− > |− > |+ >

|+ > |− > −−− > |− > |− >

|− > |− > −−− > |+ > |− >

We notice that it seems that, even though the first qubit is the control and
the second is the target, the roles are flipped! Thus, the roles of control and
target are ambiguous when qubits are not in the computational basis, or the
classical bit basis. You can also tell from the circuit that this flipping of roles
happens, because the circuit essentially says that CNOT(2→1), when hadamard
on both sides, is the same as CNOT(1-2), so with any states that can be turned
into the computational basis states upon being “hadamarded”(and inversely
be turned back) can have CNOT(1→2) = CNOT(2→1). These states are the
|+ >, |− > states.

4.21 Verify

Lets go through all cases: 1, 1, q− > 1, 1,

V (q)− > 1, 0,
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V (q)− > 1, 0,

V (q)− > 1, 1,

V (q)− > 1, 1,

V 2(q) = U(q)

1, 0, q− > 1, 0, q− > 1, 1, q− > 1, 1, Vadjoint(q)− > 1, 0, Vadjoint(q)− > 1, 1, V Vadjoint(q) =
q 0, 1, q− > 0, 1, V (q)− > 0, 1, V (q)− > 0, 1, VadjointV (q)− > 0, 1, q− > 0, 1, q0, 0, q− >
0, 0, q− > 0, 0, q− > 0, 0, q− > 0, 0, q− > 0, 0, q

Thus, the figure does indeed implement the a C2(U) circuit.

4.25

1. Three toffoli gates with the last two bits switching at each gate

Figure 3: 4.25 : Three toffoli gates with the last two bits switching at each gate

2. We can replace the first and the last toffoli gate like:

Figure 4: 4.25 : We can replace the first and the last toffoli gate like
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4.26 Show that the circuit

X =

[
1 0
0 1

]
Ry(π/4) =

[
cos(π/8) −sin(π/8)
cos(π/8) sin(π/8)

]
Ry(−π/4) =

[
cos(π/8) sin(π/8)
cos(π/8) −sin(π/8)

]
We can consider each of the different transformations for the four possible com-
putational basis states of the first two qubits. 1.

|00⟩

results in
Ry(π/4)Ry(π/4)Ry(−π/4)Ry(−π/4)

=

[
1 0
0 1

]
2.

|01⟩

results in
Ry(π/4)XRy(π/4)Ry(−π/4)XRy(−π/4)

=

[
1 0
0 1

]
3.

|10⟩

results in
Ry(π/4)Ry(π/4)XRy(−π/4)Ry(−π/4)

=

[
−1 0
0 1

]
4.

|10⟩

results in
Ry(π/4)XRy(π/4)XRy(−π/4)XRy(−π/4)

=

[
0 1
1 0

]
Which makes sense. You only want to invert the bit when both bits “a” and
“b” are 1.
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Figure 5:

4.27 Using CNOT construct the gate

The gate implements the following changes to the computational basis states:

|000⟩ − − > |000⟩

|001⟩ − − > |111⟩
|010⟩ − − > |001⟩
|011⟩ − − > |010⟩
|100⟩ − − > |011⟩
|101⟩ − − > |100⟩
|110⟩ − − > |101⟩
|111⟩ − − > |110⟩

The circuit will be like:

CNOTq[0], q[1]

CNOTq[1], q[2]

Toffoliq[0], q[1], q[2]

CNOTq[1], q[2]

CNOTq[0], q[1]

This circuit uses CNOT gates to flip the states of the second and third qubits
based on the state of the first qubit, and a Toffoli gate to flip the state of the
third qubit based on the states of the first and second qubits. The order of the
CNOT and Toffoli gates, as well as the qubits they act on, are chosen so that
the overall circuit performs the desired transformations
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4.32 Density Matrix

Given that outcome i occurs, the state of the quantum system is:
Thus, if a measurement occurs there is a p(0) chance that outcome 0 occurs

and a p(1) chance that outcome 1 occurs. This means that the state will be:

p′ = p(0)
P0ρP0

p(0)
+ p(1)

P1ρP1

p(1)
= P0ρP0 + P1ρP1

Now for the second part of the question.

ρ =
∑
i

pi|ψa⟩|ψb⟩⟨ψa|⟨ψb|

trb(ρ) =
∑
i

pitrb(|ψa⟩|ψb⟩⟨ψa|⟨ψb|)

=
∑
i

pitrb(|ψa⟩⟨ψa| ⊗ |ψb⟩⟨ψb|)

=
∑
i

pi(|ψa⟩⟨ψa|)⟨ψb|ψb⟩

Finding the trace of the post-measurement (but not post-observation) state,

trb(ρ
′) =

∑
i

pitrb(P0|ψa⟩|ψb⟩⟨ψa|⟨ψb|P0) + trb(P1|ψa⟩|ψb⟩⟨ψa|⟨ψb|P1)

trb(ρ
′) =

∑
i

pitrb(|ψa⟩⟨ψa| ⊗ P0|ψb⟩⟨ψb|P0) + trb(|ψa⟩⟨ψa| ⊗ P1|ψb⟩⟨ψb|P1)

trb(ρ
′) =

∑
i

pi(|ψa⟩⟨ψa|)(⟨ψb|P0|ψb⟩+ ⟨ψb|P1|ψb⟩)

trb(ρ
′) =

∑
i

pi(|ψa⟩⟨ψa|)(⟨ψb|(P0 + P1)|ψb⟩)

But by the completeness relation we know that , thus

trb(ρ
′) = trb(ρ)

4.33 Measurement in the Bell Basis
We know that,

|00⟩ = |B00⟩+ |B10⟩√
2

If you put the |00⟩ through the circuit, we get |00⟩+|10⟩√
2

as the result. This

means that for |00⟩, the circuit is indeed measuring it with respect to the Bell
states. We can confirm that this holds for the other three computational basis
states. Now we must show that the measurement is being performed with the
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projectors onto the Bell states as corresponding POVM elements. To do so,
once again consider the computational basis state |00⟩.

If the Bell state of the projectors are the corresponding POVM elements,
then the state of |00⟩ after a measurement in the Bell basis would be either(

P00|ψ⟩√
p(00)

)
or (

P10|ψ⟩√
p(10)

)
Re-normalizing this, we see that the projector tells us the state will be either

|00⟩+ |11⟩√
2

or
|00⟩ − |11⟩√

2

, which are exactly the Bell states our circuit predicts. One can go through
similar work for the other computational basis states to ensure that the problem
statement is indeed correct.

4.34 Measuing an Operator

|ψ0⟩ = |0⟩|ψin⟩

|ψ1⟩ =
1√
2
(|0⟩|ψin⟩+ |1⟩|ψin⟩)

|ψ2⟩ =
1√
2
(|0⟩|ψin⟩+ |1⟩U |ψin⟩)
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|ψ3⟩ =
1

2
[(|0⟩+ |1⟩)|ψin⟩+ (|0⟩ − |1⟩)U |ψin⟩]

=
1

2
[|0⟩(I + U)|ψin⟩+ |1⟩(I − U)|ψin⟩]

So if the measurement gives us 0 (representing the +1 eigenvalue), we have the
corresponding eigenvector to be

(I + U)|ψ⟩

. This is indeed true, since

U(I + U)|ψ⟩ = (U + I)|ψ⟩

, since U is both hermitian and unitary.
If the measurement gives us a 1 (representing the -1 eigenvalue), we have

U(I − U)|ψ⟩ = −1(I − U)|ψ⟩

. Thus, we have showed that the circuit implements a measurement of U.

4.35 Measurement commutes with controls

The figure:

Considering the circuit on the left first, we have:

|ψ0⟩ = (a|0⟩+ b|1⟩)(c|0⟩+ d|1⟩)

|ψ0⟩ = (ac|0⟩|0⟩+ ad|0⟩|1⟩+ bc|1⟩|0⟩+ bd|1⟩|1⟩)

|ψ1⟩ = (ac|0⟩|0⟩+ ad|0⟩|1⟩+ (bc)U |1⟩|0⟩+ (bd)U |1⟩|1⟩)

After measurement, the state of the 2nd qubit becomes

a(c|0⟩+ d|1⟩) + b(cU |0⟩+ dU |1⟩)

Considering the circuit on the right, if the first qubit is

|0⟩
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then the second qubit is
c|0⟩+ d|1⟩

. Likewise, if the first qubit is
|1⟩

, then the second qubit is
cU |0⟩+ dU |1⟩

. Thus, combining the two facts, we get

a(c|0⟩+ d|1⟩) + b(cU |0⟩+ dU |1⟩)

and both circuits are equivalent.

4.36 Construct a Quantum Circuit

In this figure, q[0] is the first qubit of the first number, q[1] is the first qubit
of the 2nd number, q[2] is the 2nd qubit of the first number, and q[3] is the 2nd
qubit of the 2nd number. Note that the pauli-x matrices in the beginning are
just to define the initial values of the 2 numbers.

4.37 Provide a decomposition

Using the process in the lesson we initially get,

U3U2U1U =


1 0 0 0

0 i
√
2
2 0 −i

√
2
2

0 1√
2

0 1√
2

0 0 1 0


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U1 =


1 0 0 0
0 1√

2
0 − 1√

2

0 0 1 0
0 1√

2
0 1√

2



U2 =


1√
2

0 1√
2

0

0 1 0 0
1√
2

0 − 1√
2

0

0 0 0 1



U3 =


1√
2

0 0 1√
2

0 1 0 0
0 0 1 0
1√
2

0 0 − 1√
2


This means that

U4 =


1 0 0 0

0 −i
√
2
2

1√
2

0

0 0 0 1

0 i
√
2
2

1√
2

0


Except, this matrix isn’t a two-level unitary matrix. We can still decompose it
into two-level unitary matrices, with a similar process such that

V2V1U4 = I

V1 =


1 0 0 0

0 i
√
2
2 0 −i

√
2
2

0 0 1 0
0 1√

2
0 1√

2


U4 = V †

1 V
†
2

U4U3U2U1U = I

V †
1 V

†
2 U3U2U1U = I

Thus, the final two-level unitary decomposition is

U = U†
1U

†
2U

†
3V2V1

4.39 Find a Quantum Circuit

In this two-level unitary matrix, it only acts on the vector components

|010⟩

to
|111⟩

. The corresponding circuit is shown above.
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4.40 Arbitrary α and β

E(Rn(α), Rn(α+β)) = ||(Rn(α)−Rn(α+β))|ψ⟩|| =
√

⟨ψ|(Rn(α)−Rn(α+ β))†(Rn(α)−Rn(α+ β))|ψ⟩

Rn(α) ≡ exp(−iαn · σ/2) = cos(
α

2
)I − ι sin(

α

2
)(nxX + nyY + nzZ)

To simplify the calculations, use the following substitutions:

d = cos(
α

2
)− cos(

α+ β

2
)

f = sin(
α

2
)− sin(

α+ β

2
)

(Rn(α)−Rn(α+ β))†(Rn(α)−Rn

(α+β)) = (dI−if(nxX+nyY+nzZ))(dI+if(nxX+nyY+nzZ)) = (d2I+if(nxX+nyY+nzZ)
2)

So now we know that the desired value is

⟨ψ|(d2I + if(nxX + nyY + nzZ)
2)|ψ⟩ = d2 + ⟨ψ|f(nxX + nyY + nzZ)

2|ψ⟩

Now remember that
⟨ψ|AA|ψ⟩ = ||A|ψ⟩||2

. So in order to calculate

⟨ψ|f(nxX + nyY + nzZ)
2|ψ⟩

, we just have to find
||(nxX + nyY + nzZ)|ψ⟩||

(remember that f and ni are real, and X, Y, and Z are Hermitian). Letting

|ψ⟩ =
[
ab
]
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(nxX + nyY + nzZ)|ψ⟩ =
[
(nxb− nybi+ nza)(nxa+ nyai− nzb)

]
So the magnitude of this vector equals:

|nxb−nybi+nza|2+|nxa+nyai−nzb|2 = |(nxb+nza)−(nyb)i|2+|(nxa−nzb)+(nya)i|2

Expanding out, and using

a2 + b2 = 1

and
n2x + n2y + n2z = 1

, we find that the magnitude of the above vector is 1. Thus,

⟨ψ|f(nxX + nyY + nzZ)
2|ψ⟩

is equal to
f2

. Thus we have,

||(Rn̂(α)−Rn̂(α+ β))|ψ⟩|| =
√
d2 + f2

√[
cos(

α

2
)− cos(

α+ β

2

]2 [
sin(

α

2
)− sin(

α+ β

2

]2

=

√
2− 2

(
cos(

α

2
)cos(

α+ β

2
− sin(

α

2
)sin(

α+ β

2
)

)
Remember that,

cos(
α+ β

2
− α

2
) = cos(

α

2
)cos(

α+ β

2
− sin(

α

2
)sin(

α+ β

2
)

Thus, we get a final answer of√
2− 2cos(

β

2
)

, which is equal to the
|1− exp(iβ/2)|

in the problem statement.
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4.41 Construction showing the circuit

Considering the diagram in the question

|ψ0⟩ = |0⟩|0⟩|ψ⟩

|ψ1⟩ =
1

2
(|00⟩+ |01⟩+ |10⟩+ |11⟩)|ψ⟩

|ψ2⟩ =
1

2
(|00⟩S|ψ⟩+ |01⟩S|ψ⟩+ |10⟩S|ψ⟩+ |11⟩XSX|ψ⟩)

|ψ3⟩ =
1

4
(|00⟩(3S+XSX)|ψ⟩+|01⟩(S−XSX)|ψ⟩+|10⟩(−S−XSX)|ψ⟩+|11⟩(−S+XSX)|ψ⟩)

Considering the
|00⟩

term, the matrix in front of it can be written as:

√
10

e
iπ
4

[
ei(α−

π
4 ) 0

0 ei(
π
4 −α)

]
,

sin(α) =
1√
10

,

cos(α) =
3√
10

,

p(|00⟩) =

∣∣∣∣∣
√
10

4ei
π
4

∣∣∣∣∣
2

= 5/8

With some basic trigonometry, we can prove that this matrix is indeed the
rotation around the z-axis by theta.

4.42 Irrationality of θ
(1) If θ is a rational multiple of 2π (θ = 2πk), then there must exist an

integer m such that mk is an integer and thus,

ei(2πmk) = 1

And so,

ei(2πmk) =
(3 + 4i)m

5m
= 1

,
(3 + 4i)m = 5m

.
(2) To show this equivalence, all we need to show is that

(3 + 4i)2 ≡ 3 + 4i(mod4)
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, and since m is an integer, the rest follows. Expanding out, we see that this
equation is true. This means that (3+4i) cannot be a multiple of 5, and thus
can never equal

5m

.

4.43 Use the result of the previous exercise
Because θ is an irrational multiple of 2π, we can use equation 4.76 and show
that any single qubit gate in the form Rz(α) can be represented within an error
of ϵ

3 . Now, we will show that

HRz(α)H = Rx(α)

.
Rz(α) = cos(

α

2
)I − isin(

α

2
)(Z)

HRz(α)H = H
[
cos(

α

2
)I − isin(

α

2
)(Z)

]
H

= cos(
α

2
)I − isin(

α

2
)HZH

. Remember that H2 = I, and that HZH = X, so:

HRz(α)H = cos(
α

2
)I − isin(

α

2
)X = Rx(α)

Following the same logic from page 197 (10th anniversary edition), we can ap-
proximate any m gate quantum circuit.

4.44 Show the three qubit gate

i = ei
π
2

is just a global phase factor, so the work is the same as the exercise above.

4.45 U is unitary

The statement is easy to see if you write out the H, S, CNOT, and Toffoli
Matrices

H =
1√
2

[
1 1
1 −1

]
S =

[
1 0
0 i

]

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


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(Toffoli gate has similar structure as CNOT Gate)
Inspecting these matrices, it’s clear that all four satisfy the conditions stated

in the problem. Now we just need to show that any unitary transform con-
structed by these four gates satisfies the conditions. Any transform can be con-
structed by using the tensor product or matrix multiplication operation between
these four matrices and the identity matrix (which also satisfies the problem’s
properties). When we multiply or tensor product, it is clear that all elements
remain complex integers and the only scalar coefficient will be in the form:(

1√
2

)k
= 2−k/2

4.46 Exponential complexity growth of quantum systems

ρ =
∑
i

pi|ψn⟩ . . . |ψ1⟩ ⊗ ⟨ψn| . . . ⟨ψ1|

Each |ψi⟩ has dimension 2, so |ψn⟩ . . . |ψ1⟩ has dimension 2n, and the matrix
ρ has dimension 2n × 2n. Since it’s normalized, the matrix requires 4n − 1
independent real numbers to describe it.

4.47 Prove the following
To prove this, all we have to show is that

eA+B = eAeBifAB = BA

. To do this, we use

eX =

∞∑
i=0

xi

i!

eAeB = (
I

0!
+
A1

1!
+
A2

2!
. . .)(

I

0!
+
B1

1!
+
B2

2!
. . .)

eA+B = (
I

0!
+

(A+B)1

1!
+

(A+B)2

2!
. . .)

The nth term in the eA+B expansion is (A+B)n

n! , and if AB = BA is true, we
can use the binomial theorem

(A+B)n

n!
=

n∑
i=0

1

i!(n− i)!
AiBn−i =

n∑
i=0

(
Ai

i!

)(
Bn−i

(n− i)!

)
This right hand side is precisely what you get when expanding eAeB . In this
expansion there is precisely one(

Ai

i!

)(
Bn−i

(n− i)!

)
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for a specific n and i. To complete this question, we need to show that the term(
Ai

i!

)(
Bn−i

(n− i)!

)
does not repeat for each n. However, this is obvious that for two different n1
and n2 that term cannot repeat, and we are done.

4.48 Restriction of Hk

c

(
n

c

)
≤ nc

which is a polynomial in n.

4.49 Baker–Campbell–Hausdorf formula
Proving equation 4.103:

ei(A+B)δt = eiAδteiBδt +O(δt2)

Start similarly to the proof of Trotter Formula.

ei(A+B)δt = I +
i(A+B)δt

1
+

[i(A+B)]2δt2

2!
+O(t3)

eiAδteiBδt = (I +
iAδt

1
+

(iA)2δt2

2!
+O(δt3))(I +

iBδt

1
+

(iB)2δt2

2!
+O(δt3)

= I +
[i(A+B)]δt

1
+

((iA)2 + (iB)2)

2!
+ (iA)(iB)δt2 +O(δt3)

In order for this to equal
ei(A+B)δt

, we need to add the
O(δt2)

term, and we are done.
Proving equation 4.104:

eiAδt/2eiBδteiAδt/2 =

(
I +

iAδt

2
+

1

2!

(
iAδt

2

)2

+O(δt3)

)(
I + iBδt+

1

2!
(iBδt)2 +O(δt3)

)
(
I +

iAδt

2
+

1

2!

(
iAδt

2

)2

+O(δt3)

)

= I + i(A+B)δt+
(iA+ iB)2δt2

2
+O(δt3)

.
Proving equation 4.105:
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4.50

Part A): The key is to use equation 4.104, and generalize it with multiple
variables.

ei(A+B)∆t = eiA∆t/2eiB∆teiA∆t/2 +O(∆t3)

ei(C+(A+B))∆t = eiC∆t/2ei(A+B)∆teiC∆t/2 +O(∆t3)

= eiC∆t/2eiA∆t/2eiB∆teiA∆t/2eiC∆t/2 +O(∆t3)

Thus,

e−2iH∆t = e−i(2H1+...2HL) = e−iH1∆t . . . e−iHL−1∆te−2iHL∆te−iHL−1∆t . . . e−iH1∆t

But by exercise 4.47,

e−2iHL∆t = e−iHL∆te−iHL∆t

And we are done.
Part B):

E(U∆t, e
−2iH∆t) = max||(U − V )|ψ⟩|| = O(∆t3)

By equation 4.63,
E(Um∆t, e

−2miH∆t) = mO(∆t3)

By definition of big O,
O(∆t3) = α∆t3

, so we are done.
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5 Chapter 5 solutions

5.1 Transformation is Unitary

U |j⟩ = 1√
N

N−1∑
k=0

e2πιjk/N |k⟩

⟨j′|U†U |j⟩ = 1

N

N−1∑
k=0

e2πι(j−j
′)k/N

Case 1: ∆j = j − j′ = 0 =⇒ P = 1
Case 2: ∆j = j − j′ ̸= 0

1

N

N−1∑
k=0

rk (r = e2πι∆j/N )

1− rN

1− r
=

1− e2πι∆j

1− r
= 0

(∆j ∈ Z)

U†U = 1

5.2 Compute the Fourier Transform

U |00...0⟩ = 1√
2n

∑
i1,...in

|i1....in⟩

5.4 Give a Decomposition

The controlled Rk gate, where k is an integer, can be decomposed into a
sequence of single qubit gates and CNOT gates. One way to decompose it is as
follows:

• Apply a Hadamard gate (H) to the control qubit.

• Apply a Rk gate to the target qubit.

• Apply a CNOT gate with the control qubit as the control and the target
qubit as the target.

• Apply a Rk gate to the target qubit.

• Apply a CNOT gate with the control qubit as the control and the target
qubit as the target.

• Apply a Hadamard gate (H) to the control qubit.
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This decomposition is based on the fact that the controlled Rk gate can be
written as a product of a controlled-U gate and a single-qubit rotation gate U,
where U = e(ikπ/2

n) , and n is the number of qubits of the register.

5.5 Give a quantum circuit

The inverse quantum Fourier transform (IQFT) is the inverse operation of
the quantum Fourier transform (QFT). It can be implemented using a circuit of
Hadamard gates followed by controlled-phase gates. The circuit for an n-qubit
register is given by:

• For i = n− 1 to 0, apply a Hadamard gate (H) to the i-th qubit.

• For i = 1 to n − 1, apply controlled-phase gates with the i-th qubit as
the control and the j-th qubit as the target, where j ranges from i+ 1 to
n − 1. The controlled-phase gate is defined as a CNOT gate followed by
a single-qubit rotation gate Rk, where k = 2(j−i) and Rk = e(ikπ/2

n)

The mathematical foundation behind this circuit is the following:
The QFT is defined as:

QFT |x >= 1/
√
(2n) ∗ Summation (i = 0 to 2n−1)e(2πι∗x/2

n)|i >

The IQFT is the inverse operation of QFT, so it is defined as:

IQFT |x >= 1/
√
(2n) ∗ Summation (i = 0 to 2n − 1)e(−2πι∗x/2n)|i >

So, the circuit implements the IQFT by applying the inverse of the operations
that the QFT applies. The Hadamard gate is its own inverse, and the controlled-
phase gates are inverted by conjugating the angles of the rotations.

So, the circuit applies the inverse of the QFT operation, which is the IQFT.

5.6 Approximate Quantum Fourier Transform

Since E(U1U2, V1V2) ≤ E(U1, V1) + E(U2, V2) the error accumaltes linearly
and FFT circuit contains O(n2) controlled - Rk gates

E(U, V ) ≈ O(n2)×∆ ≈ O(
n2

p(n)

5.7 Additional insight into the circuit

|j⟩ = |j1....jt⟩
Total number of U operations is

= 20 × jt + 21jt−1 + 22jt−2 + ...+ 2t−1j1 = j
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5.8 Phase Estimation
Solution attached as an image

5.9 U be a unitary transform

Considering the case of t = 1 in the phase estimation µ

µ|0⟩ ⊗ |u⟩ = 1√
2

(
|0⟩+ e2πιϕ|1⟩

)
⊗ |u⟩

For,
|ϕ⟩ = α+|µ+⟩+ α−|µ−⟩

µ|0⟩ ⊗ |ϕ⟩ = α+√
2

(
|0⟩+ |1⟩

)
⊗ |µ+⟩

+
α−√
2

(
|0⟩ − |1⟩

)
⊗ |µ−⟩

(H ⊗ 1) · µ(|0⟩ ⊗ |ϕ⟩) = α+|0⟩ ⊗ |µ+⟩

+α−|1⟩ ⊗ |µ−⟩

This is exactly the same circuit as in Ex 4.34

5.10 Show that the order of x = 5 modulo N = 21 is 6

52 = 4( mod 21)

53 = 20( mod 21)

54 = 100 = 16( mod 21)

55 = 80 = 19( mod 21)

56 = 85 = 1( mod 21)
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Figure 6: Solution to Exercise 5.8

5.11 Show that the order of x satisfies r ≤ N

ϕ(n) : Euler function xϕ(n) = 1( mod N)

r ≤ ϕ(n) < N
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5.12 Show that U is unitary
It is sufficient to show that Ũ†U = 1

0 ≤ y, y′ ≤ N − 1

⟨y′|U†U |y⟩ = ⟨xy′|xy⟩

if xy′ = xy( mod N)

=⇒ y† = y( mod N)

x is co-prime to N , so
U†U = 1

5.13 Prove 5.44

1√
r

r−1∑
s=0

e2πιsk/r|us⟩

1

r

r−1∑
s·k′=0

e
−2πιs(k′−k)

r |xk
′
mod N⟩

Now,
r−1∑
s=0

e
−2πιs(k′−k)

r = r( for k′ = k)

=
1− e−2πιr(k′−k)/r

1− e−2πι(k′−k)/r = 0

for k′ = k

Φ =

r−1∑
k′=0

δkk′ |xk
′
mod N⟩ = |xk mod N⟩
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5.15

The least common multiple (LCM) of two positive integers x and y is the
smallest positive integer that is a multiple of both x and y. The greatest common
divisor (GCD) of x and y is the largest positive integer that divides both x and
y without leaving a remainder.

We can use the property that the product of the LCM and GCD of two
integers is equal to the product of the integers themselves:

LCM(x, y)×GCD(x, y) = x× y

By dividing both sides of the equation by GCD(x, y), we can find that:

LCM(x, y) = (x× y)/GCD(x, y)

The GCD of two integers can be computed using the Euclidean algorithm in
O(L) operations, where L is the number of bits in the larger of the two integers.
Therefore, computing the LCM of two L-bit integers using the formula above
takes O(L) operations for the GCD calculation and O(1) operations for the
division, for a total of O(L) operations.

It should be O(L2) instead of O(L)

5.20

Using the cyclicity:

f(l) =
1√
N

N−1∑
x=0

e−2πιlx/Nf(x)

1√
N

m−1∑
k=0

r−1∑
x=0

e−2πιl(kr+x)/mrf(x)

Now,
m−1∑
k=0

e−2πιlkr/mr = m · αe ·mn

=

√
N

r

r−1∑
x=0

e−2πιlx/Nf(x)αe
N

r
× x

Especially for N = r

f(l) =
1√
r

r−1∑
x=0

e−2πιlx/rf(x)

5.21 Period finding and phase estimation

88



Figure 7: 5.21 solution

5.22
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Figure 8: 5.22 solution

5.23
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Figure 9: 5.23 solution

6 Chapter 6 solutions

6.1 Phase Shift in Grover
In the Grover iteration, the unitary operator that corresponds to the phase shift
is given by:

Uω = 2|ω⟩⟨ω| − I

where |ω⟩ is the equal superposition state over all the marked elements in the
database.

To see why this is the case, let’s first consider a simple case where we have
two qubits and one marked element in the database. In this case, the state of
the system can be written as:
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|ψ⟩ = α|00⟩+ β|01⟩+ γ|10⟩+ δ|11⟩

where α, β, γ, and δ are complex probability amplitudes.
Now suppose that the first qubit is used to mark the only element in the

database. This can be done using a Hadamard gate on the first qubit followed
by a phase flip gate on the marked element:

|ψ′⟩ = H ⊗ I(α|00⟩+ β|01⟩+ γ|10⟩ − δ|11⟩)

where the minus sign in front of the δ term indicates that it is the marked
element. Applying the Grover iteration step that corresponds to the phase shift
then gives:

Uω|ψ′⟩ = 2|ω⟩⟨ω|ψ′⟩ − |ψ′⟩

where |ω⟩ = (|00⟩ − |01⟩ − |10⟩ − |11⟩)/2 is the equal superposition state
over the marked elements. Substituting |ψ′⟩ and |ω⟩ into this equation and
simplifying gives:

=
1

2
(|00⟩−|01⟩−|10⟩−|11⟩)(α|00⟩+β|01⟩+γ|10⟩−δ|11⟩)−(α|00⟩+β|01⟩+γ|10⟩+δ|11⟩)

= (α|00⟩+ β|01⟩+ γ|10⟩ − δ|11⟩)(−|00⟩+ |01⟩+ |10⟩+ |11⟩)

−(α|00⟩+ β|01⟩+ γ|10⟩+ δ|11⟩)

= −α|00⟩ − β|01⟩ − γ|10⟩+ δ|11⟩

= −(α|00⟩+ β|01⟩+ γ|10⟩ − δ|11⟩)

= −|ψ′⟩

For the choice of |0⟩
Let |ψ⟩ be any state, and define S = 2|ψ⟩⟨ψ| − I. Then,

S|ψ⟩ = 2|ψ⟩ − |ψ⟩ = |ψ⟩,

while for any |ϕ⟩ such that ⟨ϕ|ψ⟩ = 0 ,

S|ϕ⟩ = −|ϕ⟩.

6.2

Let’s first apply the operator 2|ψ⟩⟨ψ|−I to the general state |ψ⟩ =
∑
k αk|k⟩:
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= 2
∑
i,j

αiα
∗
j |i⟩⟨j|

∑
k

αk|k⟩ −
∑
k

αk|k⟩

= 2
∑
i,j

αiα
∗
j |i⟩⟨j|

∑
k

αk|k⟩ −
∑
k

αk|k⟩

= 2
∑
i,j

αiα
∗
j

∑
k

αkδi,kδj,k|k⟩ −
∑
k

αk|k⟩

= 2
∑
k

αkα
∗
k|k⟩ −

∑
k

αk|k⟩

=
∑
k

[2|αk|2 − 1]αk|k⟩.

Next, we can compute the mean value of the αk coefficients:

⟨α⟩ = 1

N

∑
k

α∗
kαk

=
1

N

∑
k

|αk|2,

where N is the dimension of the vector space. Substituting this into the previous
equation, we get:

(2|ψ⟩⟨ψ| − I)|ψ⟩ =
∑
k

[2|αk|2 − 1]αk|k⟩

=
∑
k

[−αk + 2αk⟨α⟩]|k⟩

=
∑
k

[−αk + 2⟨α⟩]|k⟩.

Therefore, the operation 2|ψ⟩⟨ψ| − I applied to a general state |ψ⟩ =
∑
k αk|k⟩

produces the state
∑
k[−αk + 2⟨α⟩]|k⟩.

6.3

To show that the Grover iteration can be written in the formG =
(
cos θ − sin θ sin θ cos θ

)
,

where |α⟩ and |β⟩ are the two marked states, we first define the following vectors:

|ψ⟩ = cos θ|α⟩+ sin θ|β⟩, |ψ⊥⟩ = − sin θ|α⟩+ cos θ|β⟩, (75)

where θ is a real number in the range 0 ≤ θ ≤ π
2 , and |ψ⟩ is the superposition

state obtained from the initial state |s⟩ by reflecting it about the marked state
|ω⟩. We can then express G in terms of these vectors as:

G = 2|ψ⟩⟨ψ| − I. (76)

Substituting the expressions for |ψ⟩ and |ψ⊥⟩, we obtain:
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G = 2
(
cos θ sin θ

) (
cos θ sin θ

)
−I =

(
cos2 θ − 1 sin θ cos θ sin θ cos θ sin2 θ − 1

)
.

(77)
Using the trigonometric identity cos2 θ + sin2 θ = 1, we can simplify this

expression to:

G = 2
(
cos θ sin θ

) (
cos θ sin θ

)
−I =

(
cos2 θ − 1 sin θ cos θ sin θ cos θ sin2 θ − 1

)
.

(78)
Thus, we have shown that the Grover iteration can be expressed in the

form G =
(
cos θ − sin θ sin θ cos θ

)
, where θ is a real number in the range

0 ≤ θ ≤ π
2 .

6.4

• Initialize two quantum registers: the search register with n qubits and the
output register with m qubits, where n and m are chosen such that 2n

is the number of items to be searched and m is chosen such that 2m is
greater than the number of solutions. Let |ψ0⟩ be the initial state of the
registers.

|ψ0⟩ = |0⟩⊗n ⊗ |0⟩⊗n

• Apply a Hadamard gate to each qubit in the search register to create a
uniform superposition over all 2n possible search states.

ψ1⟩ = H⊗n|ψ0⟩

• Apply k iterations of the Grover algorithm to the search register, where

k = ⌊π4
√

2n

s ⌋ and s is the number of solutions. Each iteration of the

Grover algorithm consists of the following steps:

• Apply the oracle O to mark the solutions, where O is a unitary operator
that flips the phase of the marked states,where D is the diffusion operator
defined by D = 2|s⟩⟨s| − I and |s⟩ is the state that has equal amplitudes
over all states.

|ψi+1 = OD(|ψi⟩)

• Apply the diffusion operator D to amplify the amplitudes of the marked
states, where D is a unitary operator that reflects about the average am-
plitude of the search register.

• Measure the search register to obtain one of the marked states with high
probability.
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• Apply a classical post-processing step to verify the solution and repeat
the algorithm as necessary.

Note that in step 3, the number of iterations k required to achieve a high
probability of success depends on the number of solutions s and the size of
the search space 2n. The choice of k is based on the analysis of the Grover

algorithm, which shows that k is proportional to
√

2n

s .
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7 Chapter 8 solutions

8.1 The density operator of the initial state is written by kbψ and final form
is written by UkbψU†.

Thus time development of ρ = kbψ can be written by E(ρ) = UρU†.

8.2 From eqn (2.147) (on page 100),

ρm =
MmρM

†
m

(M†
mMmρ)

=
MmρM

†
m

(MmρM
†
m)

=
Em(ρ)

Em(ρ)
.

And from eqn (2.143) (on page 99), p(m) = Tr(M†
mMmρ) = Tr(MmρM

†
m) =

TrEm(ρ).

8.4 First let’s compute U

U = P0 ⊗ I + P1 ⊗X

=

[
I 0
0 X

]

=


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


= CNOT

Recall: Operator-sum representation is E(ρ) =
∑
k EkρE

†
k, where Ek = ⟨ek|U |e0⟩.

Given in the problem prompt, the environment initializes in |0⟩

∴ |e0⟩ = |0⟩

Our final answer is:

E(ρ) =
∑
k

EkρE
†
k s.t. Ek = ⟨ek|CNOT |0⟩
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8 Chapter 9 solutions

9.1

D((1, 0), (1/2, 1/2)) =
1

2
(|1− 1/2|+ |0− 1/2|)

=
1

2

(
1

2
+

1

2

)
=

1

2

D ((1/2, 1/3, 1/6), (3/4, 1/8, 1/8)) =
1

2
(|1/2− 3/4|+ |1/3− 1/8|+ |1/6− 1/8|)

=
1

2
(1/4 + 5/24 + 1/24)

=
1

4

9.2

D ((p, 1− p), (q, 1− q)) =
1

2
(|p− q|+ |(1− p)− (1− q)|)

=
1

2
(|p− q|+ | − p+ q|)

= |p− q|

9.3

F ((1, 0), (1/2, 1/2)) =
√
1 · 1/2 +

√
0 · 1/2 =

1√
2

F ((1/2, 1/3, 1/6), (3/4, 1/8, 1/8)) =
√

1/2 · 3/4 +
√
1/3 · 1/8 +

√
1/6 · 1/8

=
4
√
6 +

√
3

12

9.4 Define rx = px − qx. Let U be the whole index set.

max
S

|p(S)− q(S)| = max
S

∣∣∣∣∣∑
x∈S

px −
∑
x∈S

qx

∣∣∣∣∣
= max

S

∣∣∣∣∣∑
x∈S

(px − qx)

∣∣∣∣∣
= max

S

∣∣∣∣∣∑
x∈S

rx

∣∣∣∣∣
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Since
∑
x∈S rx is written as∑

x∈S
rx =

∑
x∈S
rx≥0

rx +
∑
x∈S
rx<0

rx, (79)

∣∣∑
x∈S rx

∣∣ is maximized when S = {x ∈ U |rx ≥ 0} or S = {x ∈ U |rx < 0}.
Define S+ = {x ∈ U |rx ≥ 0} and S− = {x ∈ U |rx < 0}.
Now the sum of all rx is 0,∑

x∈U
rx =

∑
x∈S+

rx +
∑
x∈S−

rx = 0

∴
∑
x∈S+

rx = −
∑
x∈S−

rx.

Thus

max
S

∣∣∣∣∣∑
x∈S

rx

∣∣∣∣∣ = ∑
x∈S+

rx = −
∑
x∈S−

rx. (80)

On the other hand,

D(px, qx) =
1

2

∑
x∈U

|px − qx|

=
1

2

∑
x∈U

|rx|

=
1

2

∑
x∈S+

|rx|+
1

2

∑
x∈S−

|rx|

=
1

2

∑
x∈S+

rx −
1

2

∑
x∈S−

rx

=
1

2

∑
x∈S+

rx +
1

2

∑
x∈S+

rx (∵ eqn(80))

=
∑
x∈S+

rx

= max
S

∣∣∣∣∣∑
x∈S

rx

∣∣∣∣∣ .
Therefore D(px, qx) = maxS

∣∣∑
x∈S px −

∑
x∈S qx

∣∣ = maxS |p(S)− q(S)|.

9.5 From eqn (79) and (80), maximizing
∣∣∑

x∈S rx
∣∣ is equivalent to maximizing∑

x∈S rx.
Hence

D(px, qx) = max
S

(p(S)− q(S)) = max
S

(∑
x∈S

px −
∑
x∈S

qx

)
.
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9.6 Define ρ = 3
40 +

1
41, σ = 2

31 +
1
31.

D(ρ, σ) =
1

2
|ρ− σ|

= D((3/4, 1/4), (2/3, 1/3))

=
1

2

(∣∣∣∣34 − 2

3

∣∣∣∣+ ∣∣∣∣14 − 1

3

∣∣∣∣)
=

1

2

(
1

12
+

1

12

)
=

1

12

Define ρ = 3
40 +

1
41, σ = 2

3++ 1
3−.

+ =
1

2
(0 + 01 + 10 + 1)

− =
1

2
(0− 01− 10 + 1)

ρ− σ =

(
3

4
− 1

2

)
0− 1

6
(01 + 10) +

(
1

4
− 1

2

)
1

=
1

4
0− 1

6
(01 + 10)− 1

4
1

(ρ− σ)†(ρ− σ) =
1

42
0− 1

4 · 6
01 +

1

62
0 +

1

6 · 4
01− 1

4 · 6
10 +

1

62
1 +

1

4 · 6
10 +

1

42
1

=

(
1

42
+

1

62

)
(0 + 1)

D(ρ, σ) =
1

2
|ρ− σ|

=

√
1

42
+

1

62

9.7 Since ρ−σ is Hermitian, we can apply spectral decomposition. Then ρ−σ
is written as

ρ− σ =

k∑
i=1

λii+

n∑
i=k+1

λii

where λi are positive eigenvalues for i = 1, · · · , k and negative eigenvalues for
i = k + 1, · · · , n.
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Define Q =
∑k
i=1 λii and S = −

∑n
i=k+1 λii. Then P and S are positive

operator. Therefore ρ− σ = P − S.� �
Proof of |ρ− σ| = Q+ S.

|ρ− σ| = |Q− S|

=
√
(Q− S)†(Q− S)

=
√
(Q− S)2

=
√
Q2 −QS − SQ+ S2

=
√
Q2 + S2

=

√∑
i

λ2i i

=
∑
i

|λi|i

= Q+ S� �
9.8 Suppose σ = σi. Then σ =

∑
i piσi.

D

(∑
i

piρi, σ

)
= D

(∑
i

piρi,
∑
i

piσi

)
(81)

≤
∑
i

piD(ρi, σi) (∵ eqn(9.50)) (82)

=
∑
i

piD(ρi, σ). (∵ assumption). (83)

9.9

9.10

9.11

9.12 Suppose ρ = 1
2 (I + r⃗ · σ⃗) and σ = 1

2 (I + s⃗ · σ⃗) where v⃗ and s⃗ are real
vectors s.t. |v⃗|, |s⃗| ≤ 1.

E(ρ) = p
I

2
+ (1− p)ρ, E(σ) = p

I

2
+ (1− p)σ.
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D(E(ρ), E(σ)) = 1

2
|E(ρ)− E(σ)|

=
1

2
|(1− p)(ρ− σ)|

=
1

2
(1− p)|ρ− σ|

= (1− p)D(ρ, σ)

= (1− p)
|r⃗ − s⃗|

2

Is this strictly contractive?

9.13 Bit flip channel E0 =
√
pI, E1 =

√
1− pσx.

E(ρ) = E0ρE
†
0 + E1ρE

†
1

= pρ+ (1− p)σxρσx.

Since σxσxσx = σx, σxσyσx = −σy and σxσzσx = −σz, then σx(r⃗ · σ⃗) =
r1σx − r2σy − r3σ3.

Thus

D(E(ρ), E(σ)) = 1

2
|E(ρ)− E(σ)|

=
1

2
|p(ρ− σ) + (1− p)(σxρσx − σxσσx)|

≤ 1

2
p|ρ− σ|+ 1

2
(1− p)|σx(ρ− σ)σx|

= pD(ρ, σ) + (1− p)D(σxρσx, σxσσx)

= D(ρ, σ) (∵ eqn(9.21)).

Suppose ρ0 = 1
2 (I + r⃗ · σ⃗) is a fixed point. Then

ρ0 = E(ρ0) = pρ0 + (1− p)σxρ0σx

∴ (1− p)ρ0 − (1− p)σxρ0σx = 0

∴ (1− p)(ρ− σxρ0σx) = 0

∴ ρ0 = σxρ0σx

∴
1

2
(I + r1σx + r2σy + r3σz)

1

2
(I + r1σx − r2σy − r3σz)

Since {I, σx, σy, σz} are linearly independent, r2 = −r2 and r3 = −r3. Thus
r2 = r3 = 0.

Therefore the set of fixed points for the bit flip channel is {ρ | ρ = 1
2 (I +

rσx), |r| ≤ 1, r ∈ R}
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9.14

F (UρU†, UσU†) =
√

(UρU†)1/2σ(UρU†)

=
√
Uρ1/2σρ1/2U†

= (U
√
ρ1/2σρ1/2U†)

= (
√
ρ1/2σρ1/2U†U)

=
√
ρ1/2σρ1/2

= F (ρ, σ)� �
I think the fact

√
UAU† = U

√
AU† is not restricted for positive operator.

Suppose A is a normal matrix. From spectral theorem, it is decomposed as

A =
∑
i

aii.

Let f be a function. Then

f(UAU†) = f(
∑
i

aiUiU
†)

=
∑
i

f(ai)UiU
†

= U(
∑
i

f(ai)UiU
†)U†

= Uf(A)U†� �
9.15 |ψ⟩ = (UR ⊗ √

ρUQ) |m⟩ is any fixed purification of ρ, and |ϕ⟩ = (VR ⊗√
σVQ) |m⟩ is purification of σ. Suppose

√
ρ
√
σ = |√ρ

√
σ|V is the polar decom-
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position of
√
ρ
√
σ. Then

| ⟨ψ|ϕ⟩ | =
∣∣∣⟨m|

(
U†
RVR ⊗ U†

Q

√
ρ
√
σVQ

)
|m⟩
∣∣∣

=
∣∣∣((U†

RVR)
TU†

Q

√
ρ
√
σVQ

)∣∣∣
=
∣∣∣(V TR U∗

RU
†
Q

√
ρ
√
σVQ

)∣∣∣
=
∣∣∣(VQV TR U∗

RU
†
Q

√
ρ
√
σ
)∣∣∣

=
∣∣∣(VQV TR U∗

RU
†
Q|
√
ρ
√
σ|V

)∣∣∣
=
∣∣∣(V VQV TR U∗

RU
†
Q|
√
ρ
√
σ|
)∣∣∣

≤ |√ρ
√
σ|

= F (ρ, σ)

Choosing VQ = V †, V TR = (U∗
QU

†
R)

† we see that equality is attained.

9.16 I think eq (9.73) has a typo. (A†B) = ⟨m|A⊗B|m⟩ should be (ATB) =
⟨m|A⊗B|m⟩. See errata list.

In order to show that this exercise, I will prove following two properties,

(A) = ⟨m|(I ⊗A)|m⟩ , (I ⊗A) |m⟩ = (AT ⊗ I) |m⟩

where A is a linear operator and |m⟩ is unnormalized maximally entangled state,
|m⟩ =

∑
i |ii⟩.

⟨m|I ⊗A|m⟩ =
∑
ij

⟨ii|(I ⊗A)|jj⟩

=
∑
ij

⟨i|I|j⟩ ⟨i|A|j⟩

=
∑
ij

δij ⟨i|A|j⟩

=
∑
i

⟨i|A|i⟩

= (A)
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Suppose A =
∑
ij aijij.

(I ⊗A) |m⟩ =

I ⊗∑
ij

aijij

∑
k

|kk⟩

=
∑
ijk

aij |k⟩ ⊗ |i⟩ ⟨j|k⟩

=
∑
ijk

aij |k⟩ ⊗ |i⟩ δjk

=
∑
ij

aij |j⟩ ⊗ |i⟩

=
∑
ij

aji |i⟩ ⊗ |j⟩

(AT ⊗ I) |m⟩ =

∑
ij

ajiij ⊗ I

∑
k

|kk⟩

=
∑
ij

aji |i⟩ ⟨j|k⟩ ⊗ |k⟩

=
∑
ij

aji |i⟩ δjk ⊗ |k⟩

=
∑
ij

aji |ij⟩

= (I ⊗A) |m⟩

Thus

(ATB) = (BAT ) = ⟨m|I ⊗BAT |m⟩
= ⟨m|(I ⊗B)(I ⊗AT )|m⟩
= ⟨m|(I ⊗B)(A⊗ I)|m⟩
= ⟨m|A⊗B|m⟩ .

9.17 If ρ = σ, then F (ρ, σ) = 1. Thus A(ρ, σ) = arccosF (ρ, σ) = arccos 1 = 0.
If A(ρ, σ) = 0, then arccosF (ρ, σ) = 0 ⇒ cos(arccosF (ρ, σ)) = cos(0) ⇒

F (ρ, σ) = 1 (∵ text p.411, the fifth line from bottom).

9.18 For 0 ≤ x ≤ y ≤ 1, arccos(x) ≥ arccos(y). From F (E(ρ), E(σ)) ≥ F (ρ, σ)
and 0 ≤ F (E(ρ), E(σ)), F (ρ, σ) ≤ 1,

arccosF (E(ρ), E(σ)) ≥ arccosF (ρ, σ)

∴ A(E(ρ), E(σ)) ≥ A(ρ, σ)
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9.19 From eq (9.92)

F

(∑
i

piρi,
∑
i

piσi

)
≥
∑
i

√
pipiF (ρi, σi)

=
∑
i

piF (ρi, σi).

9.20 Suppose σi = σ. Then

F

(∑
i

piρi, σ

)
= F

(∑
i

piρi,
∑
i

piσ

)

= F

(∑
i

piρi,
∑
i

piσi

)
≥
∑
i

piF (ρi, σi) (∵ Exercise9.19)

=
∑
i

piF (ρi, σ)

9.21

1− F (|ψ⟩ , σ)2 = 1− ⟨ψ|σ|ψ⟩ (∵ eq(9.60))

D(|ψ⟩ , σ) = max
P

(P (ρ− σ)) (where P is projector.)

≥ (ψ(ρ− σ))

= ⟨ψ|(ψ − σ)|ψ⟩
= 1− ⟨ψ|σ|ψ⟩
= 1− F (|ψ⟩ , σ)2.

9.22 (ref: QCQI Exercise Solutions (Chapter 9) - めもめも
http://enakai00.hatenablog.com/entry/2018/04/12/134722)

For all ρ, following inequality is satisfied,

d(V UρU†V †,F ◦ E(ρ)) ≤ d(V UρU†V †,F(UρU†)) + d(F(UρU†),F ◦ E(ρ))
≤ d(V UρU†V †) + d(UρU†, E(ρ))
≤ E(V,F) + E(U, E).

First inequality is triangular inequality, second is contractivity of the metric2

and third is from definition of E.
Above inequality is hold for all ρ. Thus E(V U,F ◦ E) ≤ E(V,F) +E(U, E).

2Trace distance and angle are satisfied with contractive (eq (9.35), eq (9.91)), but I don’t
assure that arbitrary metric satisfied with contractive.
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9.23 (⇐) If E(ρj) = ρj for all j such that pj > 0, then

F̄ =
∑
j

pjF (ρj , E(ρj))2 =
∑
j

pjF (ρj , ρj)
2 =

∑
j

pj1
2 =

∑
j

pj = 1.

(⇒) Suppose E(ρj) ̸= ρj . Then F (ρj , E(ρj)) < 1 (∵ text p.411, the fifth line
from bottom ). Thus

F̄ =
∑
j

pjF (ρj , E(ρj))2 <
∑
j

pj = 1.

Therefore if F̄ = 1, then E(ρj) = ρj .

Problem 1

Problem 2

Problem 3 Theorem 5.3 of ”Theory of Quantum Error Correction for General
Noise”, Emanuel Knill, Raymond Laflamme, and Lorenza Viola, Phys. Rev.
Lett. 84, 2525 – Published 13 March 2000. arXiv:quant-ph/9604034 https:

//arxiv.org/abs/quant-ph/9604034
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9 Chapter 11 solution

11.1 Fair coin:

H(1/2, 1/2) =

(
−1

2
log

1

2

)
× 2 = 1 (84)

Fair die:

H(p) =

(
−1

6
log

1

6

)
× 6 = log 6. (85)

The entropy decreases if the coin or die is unfair.

11.2 From assumption I(pq) = I(p) + I(q).

∂I(pq)

∂p
=
∂I(p)

∂p
+ 0 =

∂I(p)

∂p
(86)

∂I(pq)

∂q
= 0 +

∂I(q)

∂q
=
∂I(q)

∂q
(87)

∂I(pq)

∂p
=
∂I(pq)

∂(pq)

∂(pq)

∂p
= q

∂I(pq)

∂(pq)
⇒ ∂I(pq)

∂(pq)
=

1

q

∂I(p)

∂p
(88)

∂I(pq)

∂q
=
∂I(pq)

∂(pq)

∂(pq)

∂q
= p

∂I(pq)

∂(pq)
⇒ ∂I(pq)

∂(pq)
=

1

p

∂I(q)

∂q
(89)

Thus

1

q

∂I(p)

∂p
=

1

p

∂I(q)

∂q
(90)

∴ p
dI(p)

dp
= q

dI(q)

dq
for all p, q ∈ [0, 1]. (91)

(92)

Then p(dI(p)/dp) is constant.
If p(dI(p)/dp) = k, k ∈ R. Then I(p) = k ln p = k′ log p where k′ = k/ log e.

11.3 Hbin(p) = −p log p− (1− p) log(1− p).

dHbin(p)

dp
=

1

ln 2
(− log p− 1 + log(1− p) + 1) (93)

=
1

ln 2
ln

1− p

p
= 0 (94)

⇒ 1− p

p
= 1 (95)

⇒ p = 1/2. (96)
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11.4

11.5

H (p(x, y)||p(x)p(y)) =
∑
x,y

p(x, y) log
p(x)p(y)

p(x, y)
(97)

= −H(p(x, y))−
∑
x,y

p(x, y) log [p(x)p(y)] (98)

= −H(p(x, y))−
∑
x,y

p(x, y) [log p(x) + log p(y)] (99)

= −H(p(x, y))−
∑
x,y

p(x, y) log p(x)−
∑
x,y

p(x, y) log p(y)

(100)

= −H(p(x, y))−
∑
x

p(x) log p(x)−
∑
y

p(y) log p(y)

(101)

= −H(p(x, y)) +H(p(x)) +H(p(y)) (102)

= −H(X,Y ) +H(X) +H(Y ). (103)

From the non-negativity of the relative entropy,

H(X) +H(Y )−H(X,Y ) ≥ 0 (104)

∴ H(X) +H(Y ) ≥ H(X,Y ). (105)
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